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A unified gauge approach to both, dynamics and thermodynamics involving gravity, is developed
from the local realization of the Poincare´ group as a particular instance of a spacetime group
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I. INTRODUCTION
Dynamics and thermodynamics are inseparable as-
pects of macroscopic physical phenomena which demand
a joint foundation. If, for completeness, the general rela-
tivistic dynamical view on spacetime is to be taken into
account, then gravitation must also enter the scheme. A
general self-consistent theory is required in which partic-
ular empirical laws should fit. Gauge theories of grav-
ity deliver a suitable basis to construct such a funda-
mental approach merging the three theoretical elements
mentioned above, as already discussed in [1]. Gener-
ally speaking, gauge theories, based on the local real-
ization of symmetry groups, constitute a major formal
tool for dealing with the physical interactions between
world constituents. They provide a geometrized depic-
tion of forces in the spirit of Klein’s Erlangen Program
of construction of geometries from suitable groups [2].
From a pure mathematical point of view, gauge theories
consist in fiber bundles equipped with a structure group
and with connections defining horizontality in a certain
manifold [3]. Physically interpreted, connections are the
carriers of interactions, whose dynamics follows from an
action built on the bundle background.
In general, provided the field equations derived from
the extremal condition on the action are fulfilled, the
Noether theorems establish a necessary relationship be-
tween the symmetries of the action and some symmetry-
associated conserved quantities [4]. In gauge theories,
the Noether identities following from the symmetry in-
variance of the matter part of the action constitute the
conservation laws of matter currents J := ∂L
matt
∂A
defined
as the derivatives of the matter Lagrangian with respect
to the connections.
Among the physically relevant symmetry groups, spa-
tial translations are well known to underly classical me-
chanics, being responsible for the conservation of mo-
mentum which is at the core of Newton’s laws of mo-
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tion [5]. Thus, the natural way to construct a gener-
alized approach to dynamics –either special or general
relativistic– seems to require invoking spacetime transla-
tions. However, no attention at all is paid to them when,
as far as gravity is concerned, just general covariance is
considered. The hidden contribution of spacetime trans-
lational symmetry only becomes apparent in the frame-
work of certain gauge formulations of gravitation founded
on the local realization of spacetime groups including
translations, such as Poncare´ Gauge Theories (PGT) and
Metric-Affine Gravity (MAG) [6]-[14]. The present pa-
per is based on such gauge theories of gravity, where the
usually ignored capital role played by spacetime transla-
tions is remarked. The key idea supporting our unifying
view is that separate energy and momentum conserva-
tion equations are to be regarded as consequences of the
invariance of the system’s action (specifically of its mat-
ter part) under gauge translational transformations. In
particular in PGT –the gauge theory having as structure
group the Poincare´ group, that is, the spacetime group
of Special Relativity–, the place occupied by translations
in the bundle structure is highlighted by the composite
fiber bundle approach proposed by me in a previous pa-
per [15], whose topological implications where studied
by other authors in [16]. In this framework, translations
occur as a subgroup of the whole Poincare´ gauge group
in such a way that proper (vertical) translational gauge
transformations are allowed along branched fibres (that
is, fibres bent into mutually orthogonal translational and
Lorentz fiber subspaces) attached to each single point of
the base space. Composite bundles thus make it possi-
ble to treat spacetime translations as a gauge symmetry
in the strict sense, clearly distinguished from base space
diffeomorphisms. The canonical energy-momentum Σα
plays the role of the corresponding standard conserved
translational gauge current. Let us briefly comment this
statement. (For a detailed discussion, see [5]).
In analogy to the remaining forces as described by the
Standard Model, in PGT gravitational interactions are
carried by gauge connections, being these of two kinds,
associated to the Lorentz and translational symmetries
respectively. Lorentz connections do not differ signifi-
2cantly from ordinary gauge fields. However, regarding
translational connections, their usual identification as
tetrads is obscured by the fact that the latter ones trans-
form as Lorentz covectors rather than as standard con-
nections. Nonetheless, the apparent difficulty is clarified
by considering tetrads as connections of a certain non-
linear kind. Actually, composite fiber bundles provide
a natural geometric approach to nonlinear realizations of
spacetime groups [15], according to which modified (non-
linear) translational connections possess the right trans-
formation properties, allowing to regard them as tetrads,
that is, as coframes {ϑα} of local cotangent spaces, play-
ing a geometrical and a dynamical role at the same time.
In exterior-calculus formulated gauge theories of arbi-
trary interactions in the presence of gravity, tetrads –as
1-form basis components– are universally coupled to any
physical quantity expressible as a differential form, while,
on the other hand, being tetrads also translational con-
nections, derivation of the sum of all matter Lagrangian
pieces with respect to them defines energy-momentum
Σα :=
∂Lmatt
∂ϑα
as the conserved translative gauge current.
The characterization of matter as source of gravity in
PGT is completed by considering in addition the spin
current associated to Lorentz symmetry, defined as the
derivative of the matter Lagrangian with respect to the
Lorentz connections, that is ταβ :=
∂Lmatt
∂Γαβ
. Actually,
both, energy-momentum and spin current, play the role
of matter sources in the gauge gravitational field equa-
tions, and the Noether identities provide conservation
equations for them.
We assume these general results, derived in the frame-
work of a Lagrangian approach, to hold also when deal-
ing with phenomenological macroscopic matter lacking
a well known Lagrangian. The form of the at first un-
determined matter currents Σα and ταβ giving rise to a
particular inner gravitational solution may then be in-
ferred using the requirement of consistence with the field
equations and the Noether identities as a guide. Once
the sources are known, their dynamics (and thermody-
namics) as established by the conservation equations can
be studied separately.
The paper is organized as follows. In Sect.II, the funda-
mental results derived from PGT concerning the gravita-
tional field equations and the Noether identities ensuring
the conservation of energy-momentum and spin current
are summarized. Sect.III is devoted to the foliation of
the dynamical spacetime of gauge gravity, providing a
suitable framework to define on it Eckart’s projectors.
The latter ones are used in Sect.IV to identify the phys-
ically meaningful covariant constitutive elements of the
energy-momentum tensor, and in Sect.V to get, from the
energy-momentum conservation equation established in
PGT, separate conservation statements for both, scalar
energy and Lorentz covariant momentum. In Sect.VI, we
present a few examples of decomposition of the energy-
momentum of Maxwell fields and of various kinds of fun-
damental matter into their constitutive elements in order
to illustrate several features to be kept in mind in the
following when considering macroscopic matter. Next I
develop my main results, slightly differing from those al-
ready advanced in Ref.[1]. In Sect.VII, the energy conser-
vation equation is supplemented with an interpretation of
the quantities involved in it in terms of certain auxiliary
variables in such a way that the former equation gives rise
to the first law of thermodynamics. One of the auxiliary
variables is the internal energy, regarded as a functional
of the entropy and of other thermodynamically relevant
quantities, so that its Lie derivative expands as the Gibbs
fundamental equation of thermodynamics. The consis-
tence condition between this alternative formulation of
the first law and the previously derived one reveals it-
self as the second law of thermodynamics (with the only
limitation that it does not necessarily predict entropy in-
crease, which depends on the matter model considered).
In Sect.VIII we introduce the Van der Waals fluid and the
photon gas, described by variables satisfying both, suit-
able state equations and the Gibbs equation. Finally, in
Sect.IX, the previous results are applied to analyze the
thermodynamics and dynamics of a spherical, gaseous,
radiating source of the gravitational field described by
the inner Schwarzschild metric.
II. FIELD EQUATIONS AND NOETHER
IDENTITIES IN THE GAUGE APPROACH TO
GRAVITY
Similarly to ordinary gauge theories of local inter-
nal groups [2] [3], the Lagrangian approach to Poincare´
Gauge Theories (PGT) [6]-[14] is obtained from a locally
Poincare´ invariant action
S =
∫
L (1)
built from a Lagrangian density 4-form L describing grav-
itation and matter. It consists of a functional of mat-
ter fields and their derivatives, along with the Poincare´
connections necessary to ensure covariance –namely the
tetrads ϑα (as nonlinear translational connections) and
the Lorentz connections Γα
β–, including in addition the
corresponding field strengths [10], that is, the torsion
Tα := Dϑα = dϑα + Γβ
α ∧ ϑβ , (2)
and the Lorentz curvature
Rα
β := dΓα
β + Γγ
β ∧ Γα
γ , (3)
respectively. In fact, the Lagrangian density 4-form in
(1) can be split into a pure gravitational plus a matter
piece
L = Lgr + Lmatt , (4)
with respective functional dependence
Lgr = Lgr(ϑα , Tα , Rα
β ) , (5)
Lmatt = Lmatt(ϑα ,Γαβ; matter variables ) . (6)
3The non-specified matter fields in (6) may include the
gauge potentials of other interactions. Let us recall the
general field equations and Noether identities [6]-[14] ob-
tained from (1). (Here we do not pay attention to the
field equations of the matter fields.) We define the grav-
itational energy-momentum 3-form
Eα :=
∂Lgr
∂ϑα
, (7)
and the translative and Lorentzian excitation 2-forms
Hα := −
∂Lgr
∂Tα
, Hαβ := −
∂Lgr
∂Rαβ
, (8)
as much as the translational and Lorentz matter cur-
rents already mentioned in the Introduction, that is, the
energy-momentum 3-form
Σα :=
∂Lmatt
∂ϑα
, (9)
and the spin current 3-form
ταβ :=
∂Lmatt
∂Γαβ
, (10)
respectively. In terms of these quantities, varying (4)
with respect to ϑα and Γαβ one gets the gravitational
field equations
DHα − Eα = Σα , (11)
DHαβ + ϑ[α ∧Hβ] = ταβ , (12)
being (11) a generalization of the Einstein equation and
(12) a further fundamental equation absent from ordi-
nary General Relativity, see [10]. The sources of the
gravitational fields are the energy-momentum Σα and the
spin current ταβ respectively. Provided (11) and (12) –
and the non specified matter field equations– are fulfilled,
the invariance of Lmatt under Poincare´ gauge transforma-
tions gives rise to the Noether conservation equations
DΣα = ( eα⌋T
β) ∧ Σβ + ( eα⌋R
βγ ) ∧ τβγ , (13)
Dταβ + ϑ[α ∧ Σβ] = 0 . (14)
The energy-momentum conservation law (13) is the
Noether identity induced by the spacetime-translational
invariance, while (intrinsic) angular momentum conser-
vation (14) follows from Lorentz invariance [5] [10]. The
material energy-momentum in (13) is to be understood as
the sum of all non-gravitational contributions to energy-
momentum, including radiation as much as matter in the
strict sense, so that no external forces due to interactions
other than gravity manifest themselves. For instance, if
all existing radiation were electromagnetic and described
by Maxwell’s theory, then we had to take Σα as the sum
of matter and electromagnetic pieces
Σα = Σ
matt
α +Σ
em
α , (15)
for which, as shown by eqs. (19) and (22) of Ref.[1], the
following Noether identities hold
DΣmattα = ( eα⌋T
β) ∧ Σmattβ + ( eα⌋R
βγ ) ∧ τβγ
+( eα⌋F ) ∧ J , (16)
DΣemα = ( eα⌋T
β) ∧ Σemβ − ( eα⌋F ) ∧ dH , (17)
being ( eα⌋F )∧ J =: fα in (16) an external (electromag-
netic) Lorentz force 4-form (with F = dA as the electro-
magnetic field strength 2-form and J as the electric cur-
rent 3-form). Its structure is similar to that of the other
(gravitational) force contributions in (16), built with the
field strengths and the matter currents of translational
and Lorentz symmetry respectively. By adding up (16)
and (17) taking into account the Maxwell equations
dH = J , (18)
expressed in terms of the electromagnetic excitation 2-
form H , condition (13) is recovered, where the non-
gravitational forces cancel out.
III. SPACETIME FOLIATION AND ECKART’S
PROJECTORS
Relativistic continuous media are usually described
with the help of the so called hydrodynamic fourveloc-
ity and of Eckart’s projectors defined in terms of it [17]
[18], allowing to deal separately with covariant timelike
and spacelike quantities referred to a certain comoving
frame. Here we introduce that approach bound to the
foliation of the base space of Poincare´ gauge gravity, be-
ing coframes defined on it at each point by tetrads. Let
us consider a foliation of spacetime [19] induced by a 1-
form ω = dτ representing proper time, trivially satisfying
Frobenius’ foliation condition ω ∧ dω = 0. The timelike
vector field u such that
u⌋dτ = 1 (19)
represents a congruence of proper time oriented world-
lines. Physical quantities expressed by p-forms α can
be locally decomposed into longitudinal and transversal
parts with respect to proper time as
α = dτ ∧ α⊥ + α , (20)
being the longitudinal piece the projection of α along u
α⊥ := u⌋α , (21)
and the transversal part a form whose components are
projected on the orthogonal spatial directions as
α := u⌋(dτ ∧ α ) . (22)
Evolution of a physical quantity in proper time is given
by its Lie derivative along u, which, for p-forms, reads
luα := d (u⌋α ) + u⌋dα . (23)
4The foliation of exterior derivatives of forms is performed
in analogy to (20) as
dα = dτ ∧
(
luα− dα⊥
)
+ dα , (24)
expressed in terms of the Lie derivative (23) and of d
as the spatial differential. The foliation of local Lorentz
coframes, consisting of tetrads, gives rise to Eckart’s co-
variant projections on the proper time axis and the or-
thogonal spatial axes of the frame respectively [17] [18].
Being tetrads (when regarded as coframe components
rather than as translative connections) a vector-valued
one-form basis {ϑα} of the local cotangent space [10],
the vector basis of the tangent space at each point –the
vierbein frame {eα}– is defined by the duality condition
eα⌋ϑ
β = δβα (25)
with respect to the interior product. The splitting (20)
of tetrads yields
ϑα = dτ uα + ϑα , (26)
where the longitudinal values
uα := u⌋ϑα (27)
are the fourvelocity components of the time vector u as
evaluated in the local Lorentz frame {eα}; they are taken
to satisfy
uαuα = −1 (28)
for signature oαβ = diag(− + ++), in accordance with
the timelike nature of u. From (25) with (26), that is,
from
eα⌋
(
dτ uβ + ϑβ
)
= δβα , (29)
one derives Eckart’s projectors as follows. Let us rewrite
condition (19) –a particular instance of (23)– referred to
the local Lorentz frame {eα} as
lu τ = u⌋dτ = u
αeα⌋dτ = 1 . (30)
Consistence between (28) and (30) requires to assume
that
eα⌋dτ = − uα . (31)
Substituting (31) into (29), one gets
eα⌋ϑ
β = hα
β , (32)
expressed in terms of the symmetric tensor defined as
hα
β := δβα + uαu
β . (33)
This tensor is a projector with the properties
hα
µhµ
β = hα
β , (34)
hα
βuβ = 0 , (35)
hµ
µ = 3 . (36)
Actually, (33) is the spatial projection tensor which se-
lects the tensorial contributions which are transversal
to proper time. For instance, when contracted with a
fourvector, the latter’s part parallel to the fourvelocity
uα is obliterated in view of (35). Consequently, us-
ing (33) and its complementary longitudinal projector
−uαuβ , any fourvector Fα can be locally decomposed
into timelike and spacelike elements as
Fα ≡
(
−uαuβ + h
α
β
)
F β =: uαf + fα , (37)
where Lorentz covariance is preserved separately for both
pieces. The projection of Fα along the time direction is a
scalar quantity f := −uβF
β , while the covariant contri-
bution fα := hαβF
β representing the spatial vector part
is orthogonal to the proper time components uα since
fαuα = 0 (and thus possesses only three independent
degrees of freedom). Notice that, comparing (26) with
ϑα ≡
(
−uαuβ + hαβ
)
ϑβ , it follows
dτ = −uβ ϑ
β , (38)
ϑα = hαβ ϑ
β . (39)
In hydrodynamics, it is usual to fix the local Lorentz
frame to be at rest either with respect to the particle
diffusion flow (Eckart) or to the energy flow (Landau-
Lifshitz), or in any other way, so that certain frame re-
lated quantities vanish [17] [18] [20]. We prefer to let the
rest frame unspecified in order not to restrict the math-
ematical generality of the treatment. Complementarily
to the foliation (26) of the tetrads, the definition of the
eta basis and its foliations, to be used extensively in the
following, can be found in Appendix A.
IV. BASIC CONSTITUENTS OF THE
ENERGY-MOMENTUM
In gauge theories, connections (gauge fields) describing
interactions are required in order to preserve the invari-
ance of the action and the covariance of the field equa-
tions under local symmetry transformations. A singular
feature of tetrads which distinguishes them from other
connections is that they couple non-minimally (let us
say, universally) to the remaining gauge fields as much
as to all physical quantities represented by differential
forms. A main consequence of this fact is that energy-
momentum (9), as the translational current obtained by
deriving the matter Lagrangian with respect to tetrads, is
an unifying theoretical tool containing information about
all matter fields and interactions, thus deserving special
attention. In the present Section, we are going to iden-
tify the constitutive elements of the energy-momentum
by decomposing it covariantly with the help of Eckart’s
projectors.
Projection of components along the frame axes as
shown in (37) for fourvectors generalizes straightfor-
wardly to tensorial quantities. Let us consider the
5energy-momentum 3-form built with the eta basis ele-
ment (A4)
Σα = Σα
β ηβ , (40)
whose tensorial components Σα
β are in general non-
symmetric, in accordance with Eqn.(14) for spin current
conservation. Making use of Eckart’s projectors [17] [21],
we define the proper constituents
ρ := uµΣµ
νuν , (41)
qβ := uµΣµ
νhν
β , (42)
pα := hα
µΣµ
νuν , (43)
phα
β +Πα
β := hα
µΣµ
νhν
β . (44)
In terms of them, the general energy-momentum tensor,
able to describe any kind of matter, reads
Σα
β = ρ uαu
β + p hα
β − uαq
β − pαu
β +Πα
β . (45)
The energy density (41) is a scalar quantity. Energy flux
(42) and momentum density (43) are spacelike vectors
such that uβq
β = 0 and uαpα = 0, so that, in spite of
their Lorentz covariant form, each one posseses only three
independent degrees of freedom. For them, the following
relations also hold
qβ = ρuβ + uµΣµ
β , (46)
pα = ρuα +Σα
νuν . (47)
Their values coincide if the energy-momentum tensor
(45) is symmetric, but their physical roles differ in any
case. (That is best shown in the exterior calculus formu-
lation, see (57) and (58) below.) The total stress tensor
(44) includes a separate pressure contribution, being p a
scalar quantity. The proper stress tensor Πα
β, such that
uαΠα
β = 0 and Πα
βuβ = 0, is not symmetric in general,
but decomposes as
Παβ = Π(αβ) +Π[αβ] . (48)
Its symmetric part
Sαβ := Π(αβ) , (49)
called the viscous stress tensor, divides into shear and
bulk viscosities. The latter one consists of the trace Sµ
µ,
while shear viscosity is defined as the traceless part of
(49), that is
/Sα
β := Sα
β −
1
3
hα
βSµ
µ . (50)
The trace of (45) is found to be
Σµ
µ = −ρ+ 3p+ Sµ
µ . (51)
Its value depends essentially on the mass content of the
material fields it is built of, as will be seen later.
V. SEPARATE ENERGY AND MOMENTUM
CONSERVATION
Eckart’s spatial projectors (33), together with the com-
plementary temporal ones, namely −uαuβ, allow to split
the energy-momentum conservation equation (13) into
separate conservation equations for energy and momen-
tum, as the Noether identities corresponding to time and
space gauge invariance respectively. In order to perform
the splitting, we first decompose the energy-momentum
3-form (40) as
Σα ≡ (−uαu
β + hα
β)Σβ
=: uα ǫ+ Σ˜α , (52)
being the energy and momentum current 3-forms respec-
tively defined as
ǫ := −uβ Σβ , (53)
Σ˜α := hα
β Σβ . (54)
Notice the scalar character [17] of the energy (33). By
foliating the latter and the momentum (54) according to
(20), one gets
ǫ = dτ ∧ ǫ⊥ + ǫ , (55)
Σ˜α = dτ ∧ Σ˜α⊥ + Σ˜α , (56)
or explicitly, as calculated from (40) with (45) and (A12),
ǫ = dτ ∧ qβηβ + ρη , (57)
Σ˜α = −dτ ∧
(
p ηα +Πα
β ηβ
)
− pαη , (58)
showing the material energy and momentum fluxes and
densities in terms of (41)-(44) to be
ǫ⊥ = q
βηβ , (59)
ǫ = ρη , (60)
Σ˜α⊥ = −
(
p ηα +Πα
β ηβ
)
, (61)
Σ˜α = −pαη . (62)
The spatial 2-form (59) measures the flow of energy
through a surface element per unit time, and the 3-form
(60) represents the amount of energy stored in a volume
element. Analogously, (61) is the momentum flux built
from pressure and stress tensor contributions, and (62)
is the momentum associated to an elementary volume.
The distinguished conservation equations for energy
and momentum are calculated as follows. Contracting
(13) with uα and taking into account the definition (53)
of the energy current 3-form, we get the gauge equation
for energy conservation
d ǫ+  Lu ϑ
α ∧ Σα +R
αβ
⊥ ∧ ταβ = 0 , (63)
involving the Lie derivative (B1) of the tetrads. On the
other hand, multiplying (13) by the spatial projector (33)
6and using the decomposition (52), it follows
hα
β
[
DΣ˜β − ( eβ⌋T
µ) ∧ Σ˜µ − ( eβ⌋R
µν ) ∧ τµν
]
+
[
Duα − hα
β
(
eβ⌋T
µ
)
uµ
]
∧ ǫ = 0 . (64)
Next we foliate (63) making use of (57), (58), (B4) and
(B10), and taking into account that, according to (24),
the derivative of the energy (57) reads
dǫ = dτ ∧
[
lu
(
ρη
)
− d
(
qβηβ
)]
. (65)
From (63) then follows
lu(ρη) − d (q
βηβ)− pα  Luu
α η − Tα⊥ uα ∧ q
βηβ
+ p luη +  Luϑ
α ∧ Πα
βηβ −R
αβ
⊥ ∧ (ταβ)⊥ = 0 ,
(66)
constituting the most general form of the energy conser-
vation law in terms of the constitutive elements of (45).
Analogously, using (B3) to foliate the covariant deriva-
tive of the momentum as
DΣ˜α = dτ ∧
(
 LuΣ˜α −DΣ˜α⊥
)
, (67)
from (64) with (57), (58), (B12) and (B14) we find
hα
β
[
− Lu
(
pβ η
)
+D
(
Πβ
γ ηγ
)]
+ dp ∧ ηα
−
(
eα⌋T
µ
⊥
)
pµ η −
(
eα⌋T
µ
)
∧ Πµ
γ ηγ
+(eα⌋R
µν
⊥ )τµν + (eα⌋R
µν ) ∧ (τµν )⊥
=
[
Duα −
(
eα⌋T
µ
)
uµ
]
∧ qβ ηβ . (68)
Eq.(68) is a general relativistic version of the Navier-
Stokes dynamical law. In the following, we will use the
conservation laws (66) and (68) derived in the framework
of gauge gravity as a guide to develop a gauge covariant
approach to fluid dynamics and thermodynamics.
VI. ENERGY-MOMENTUM OF DIFFERENT
KINDS OF MAXWELL FIELDS AND
FUNDAMENTAL MATTER
In PGT, local translational invariance underlies both,
the gravitational and the material Lagrangian pieces (4)
used to build the action (69), even if that symmetry,
in the case of Lmatt, may be not apparent. Indeed, all
kinds of matter contribute to energy-momentum due to
their coupling to translations. Let us illustrate the di-
verse forms of energy-momentum with a few examples
concerning electromagnetic fields and fundamental mat-
ter.
A. Free electromagnetic radiation
For Maxwell fields in free space (without polarized nor
magnetized matter), we first consider [19] [22] [23] a piece
of the matter Lagrangian density 4-form (4) built from
electromagnetic fields as
Lem = −
1
2
F ∧ ∗F , (69)
with F = dA as the electromagnetic field strength 2-
form. Its contribution to energy-momentum (9) is due
to the hidden non-minimal coupling of any differen-
tial form, in particular ∗F , to tetrads (that is, recall
once more, to nonlinear translational connections) as
∗F = 12 η
αβ(eβ⌋eα⌋F ), see (A2). The role played by
tetrads is revealed by the variational formula (A27), al-
lowing to calculate the canonical electromagnetic energy-
momentum
Σemα =
1
2
[ (eα⌋F ) ∧
∗F − F ∧ (eα⌋
∗F ) ] . (70)
Foliating the electromagnetic strength and its Hodge
dual, we get respectively
F = −dτ ∧ E +B = −dτ ∧ Eµϑ
µ +Bµηµ , (71)
∗F = dτ ∧ #B + #E = dτ ∧Bµϑ
µ + Eµηµ , (72)
where we introduced the electric and magnetic field
fourvector components Eµ and Bµ as convenient vari-
ables, with their number of independent degrees of free-
dom restricted by conditions uµE
µ = 0 and uµB
µ = 0.
Replacing (71) and (72) in (70), a straightforward cal-
culation yields an explicit form for (57) and (58), allow-
ing to identify the constitutive elements of the tensorial
components (45). The latter ones result to be symmetric
(that is, with pα = qα and Παβ = Sαβ), being
ρ =
1
2
(
EµE
µ +BµB
µ
)
, (73)
qα = −ǫαµν E
µBν , (74)
p =
1
6
(
EµE
µ +BµB
µ
)
, (75)
Sα
β = −
(
EαE
β +BαB
β
)
+
1
3
hα
β
(
EµE
µ +BµB
µ
)
.
(76)
The Poynting vector (74) plays a double role as both,
energy flux and momentum density. From (73) and (75)
follows the relation
p =
1
3
ρ (77)
between pressure and energy density, and from (76) we
find the bulk viscosity to vanish
Sµ
µ = 0 , (78)
so that, replacing (77) and (78) in (51) we get
Σµ
µ = 0 . (79)
The zero trace (79) of the energy-momentum tensor, as
much as the previous results (77) and (78), may be gen-
eralized as common features of all non-massive fields.
7B. Electromagnetic radiation in material media
The macroscopic Maxwell equations (18) in material
media admit two alternative treatments [1] [19] [23]
in terms of the bare electromagnetic excitation 2-form
Hbare = ∗F and the matter excitation 2-form Hmatt =
−dτ ∧M+P built from the magnetization 1-formM and
the polarization 2-form P characteristic for each medium.
The two approaches differ in wether one takes Hmatt as
part of the fields, or uses it instead to modify the free
electric current J free = −dτ ∧ j + ρelη by adding to it
bound charges and currents. That is, either one consid-
ers
d
(
Hbare +Hmatt
)
= J free , (80)
with
Htot := Hbare +Hmatt = dτ ∧
(
#B −M
)
+
(
#E + P
)
=: dτ ∧H+D , (81)
or one uses dHmatt in (80) to redefine the electric current
3-form as
dHbare = J free − dHmatt , (82)
with
J tot := J free−dHmatt = −dτ∧(j+luP+dM )+(ρelη−dP ) .
(83)
The total current (83) is the sum of the free one J free and
bound contributions due to the material polarizable and
magnetizable medium.
In the second case, the energy momentum is built from
Hbare = ∗F , according to the Maxwell-Lorentz electro-
magnetic spacetime relation for the excitation, thus be-
ing identical with the symmetric quantity (70) already
studied. Let us now pay attention to the first case.
The canonical (Minkowski) [23] energy-momentum 3-
form constructed from (81) reads
Σemα =
1
2
[
(eα⌋F ) ∧H
tot − F ∧
(
eα⌋H
tot
) ]
. (84)
As we did in (71) and (72) for the electric and magnetic
fields, we write the longitudinal and transversal pieces of
the electromagnetic excitation (81) in terms of fourvector
components as
Htot = dτ ∧H +D = dτ ∧Hµϑ
µ +Dµηµ . (85)
The number of independent degrees of freedom of both,
the magnetic field intensity vector Hµ and the elec-
tric displacement vector Dµ, are reduced by conditions
uµHµ = 0 and uµD
µ = 0 respectively. The physical
quantities in the rhs of (45) as calculated from (84) and
(85) are found to be
ρ =
1
2
(
EµD
µ +BµH
µ
)
, (86)
qβ = −ǫβµν E
µHν , (87)
pα = −ǫαµν D
µBν , (88)
p =
1
6
(
EµD
µ +BµH
µ
)
, (89)
Πα
β = −
(
EαD
β +BαH
β
)
+
1
3
hα
β
(
EµD
µ +BµH
µ
)
.
(90)
The results (77)-(79) remain valid, but notice that (45)
is not symmetric. In particular, energy flux (87) and
momentum density (88) are different. This remains true
even in the simplest linear case when
D = ε#E , H =
1
µ
#B , (91)
being εµ = 1
v2
, with v as the phase velocity of light in
the medium. Comparing (87) and (88) we get
pα = −ǫαµνD
µBν = −εµ ǫαµνE
µHν = εµ qα , (92)
so that the equality between pα and qα only holds when
εµ = 1
c2
with c = 1, that is, when the phase velocity of
light is that of light in vacuum rather than in a medium.
The difficulties concerning the asymmetry of the electro-
magnetic energy-momentuma tensor in material media,
and the controversy on the choice of the most convenient
among various energy-momenta to describe phenomena,
are discussed for instance in [22] and [23].
C. Fundamental fermionic matter
A less problematic example of an essentially non-
symmetric energy-momentum tensor is found in the con-
text of fermions as described by the Dirac Lagrangian
[24] written as
LDir =
i
2
(ψ ∗γ ∧Dψ +Dψ ∧ ∗γψ )− ∗mψψ , (93)
built from Poincare´ ⊗ U(1) (or Lorentz ⊗ U(1), see [25])
covariant derivatives, where γ := ϑα γα , with γ
α as the
Dirac gamma matrices, so that ∗γ := ηα γα ; see (A4).
In this case, a non-trivial spin current exists
ταβ = −
1
2
ψ (σαβ
∗γ + ∗γ σαβ ) ψ , (94)
whose conservation equation (14) involves antisym-
metric energy-momentum contributions. The energy-
momentum 3-form (9) derived from (93) reads
ΣDirα =
i
2
[
( eα⌋ψ
∗γ )∧Dψ−Dψ∧( eα⌋
∗γ ψ )
]
−mψψ ηα ,
(95)
8for which one calculates its constitutive elements (45) to
be
ρ = mψψ + Sµ
µ , (96)
qβ =
i
2
(
ψγµ  Luψ −  Luψ γ
µψ
)
hµ
β , (97)
p =
i
2
(
ψγµ  Luψ −  Luψ γ
µψ
)
uµ − ρ , (98)
Πα
β =
i
2
[
ψγµ (eα⌋Dψ)−
(
eα⌋Dψ
)
γµψ
]
hµ
β , (99)
pα =
i
2
[
ψγµ (eα⌋Dψ)−
(
eα⌋Dψ
)
γµψ
]
uµ , (100)
where the bulk viscosity in (96) is given by
Sµ
µ = Πµ
µ =
i
2
[
ψγµ (eµ⌋Dψ)−
(
eµ⌋Dψ
)
γµψ
]
. (101)
Let us take into account the matter field equations
i ∗γ ∧Dψ −
i
2
Dηαγαψ −
∗mψ = 0 , (102)
iDψ ∧ ∗γ +
i
2
ψDηαγα −
∗mψ = 0 , (103)
obtained from (93), where Dηα = ηαβ ∧ T
β, see (A5),
(A4) and (2). Rewritting (102) and (103) as
i γµeµ⌋
[
Dψ −
1
2
(
eν⌋T
ν
)
ψ
]
+mψ = 0 , (104)
i eµ⌋
[
Dψ −
1
2
ψ
(
eν⌋T
ν
)]
γµ −mψ = 0 , (105)
and combining them, we find
0 =
i
2
(
ψγµ  Luψ −  Luψ γ
µψ
)
uµ −mψψ
−
i
2
[
ψγµ (eµ⌋Dψ)−
(
eµ⌋Dψ
)
γµψ
]
, (106)
implying, in view of (96), (98) and (101), the vanishing
of pressure, so that from (98) follows
ρ =
i
2
(
ψγµ  Luψ −  Luψ γ
µψ
)
uµ . (107)
Eq.(51) with (96) and zero pressure yields
Σµ
µ = −mψψ , (108)
providing a first example of the contribution of mass to
the energy-momentum tensor trace. As a further exam-
ple, let us examine massive matter particles of a different
kind.
D. Fundamental bosonic matter
Looking for a generalization of the particular result
(108) for massive matter with no vanishing pressure, we
consider the Lagrangian density for scalar matter
LBos = −
1
2
Dφ† ∧ ∗Dφ−
1
2
∗m2φ†φ . (109)
From it we derive the energy-momentum 3-form (9) to
be
ΣBosα =
1
2
[
Dφ†∧(eα⌋
∗Dφ)+∗Dφ†( eα⌋Dφ)−m
2φ†φ ηα
]
,
(110)
whose constitutive elements (45) (the energy-momentum
tensor turning out to be symmetric) read
ρ =
1
2
[
m2φ†φ+  Luφ
†  Luφ+ (eµ⌋Dφ
†)(eµ⌋Dφ)
]
,
(111)
qα =
1
2
[
eα⌋
(
Dφ†  Luφ+  Luφ
†Dφ
)]
, (112)
p =
1
2
[
−m2φ†φ+  Luφ
†  Luφ− (eµ⌋Dφ
†)(eµ⌋Dφ)
]
,
(113)
Sαβ = (e(α⌋Dφ
†)(eβ)⌋Dφ) . (114)
One can easily check that
ρ+ p =  Luφ
†  Luφ , (115)
ρ− p = m2φ†φ+ Sµ
µ , (116)
being
Sµ
µ = (eµ⌋Dφ
†)(eµ⌋Dφ) . (117)
The trace (51) calculated from (115) and (116) is
Σµ
µ = −m2φ†φ+ 2p . (118)
We will take (118) and the previous result (108) as models
for a conjecture on macroscopic matter to be enunciated
later.
E. Vacuum
Let us finally mention that, in the absence of mat-
ter and radiation, it is notwithstanding possible to in-
terpret the cosmological constant term as belonging to
the matter sector, as the energy-momentum of vacuum,
rather than as a contribution to the gravitational sector,
as usual in the treatment of gravity [26]. That is, one
can consider
Σvacα = −
1
2κ
Ληα (119)
as a contribution to (9). Comparing (119) with the
energy-momentum tensor (45) reduced to the simple
symmetric form
Σα
β =
(
ρ+ p
)
uαu
β + p δβα , (120)
describing an unviscid fluid (such that Πα
β = 0) with
qα = pα = 0, it follows
ρ =
1
2κ
Λ , (121)
p = −ρ . (122)
9We assume that all forms of matter (phenomenological
as much as fundamental), including radiation and even
vacuum, contribute to the material energy-momentum,
constituting the main source of gravity. This universal
principle is supposed to hold regardless of wether a La-
grangian support ensuring it is known or not.
VII. THERMODYNAMIC APPROACH TO
PHENOMENOLOGICAL MATTER
Having established (66) as the general form of the prin-
ciple of conservation of energy for matter systems of any
kind, a suitable interpretation of its variables, together
with a few complementary hypotheses, makes this equa-
tion able to describe the energetic behavior of macro-
scopic matter including thermal phenomena. Let us re-
strict our attention to the thermodynamics of fluids [27].
We postulate the energy density ρ in (66) to consist of
the sum of mass density ρm and internal (thermal and
chemical) energy density u, that is
ρ = ρm + u , (123)
and we introduce a mass current 3-form
ǫm := −dτ ∧ J
β
mηβ + ρmη , (124)
including the mass flux contribution Jβmηβ . In order to
take into account possible nuclear reactions using mass
for energy production, we postulate (124) to be not nec-
essarily conserved, but in general
dǫm ≡ dτ ∧
[
lu(ρmη) + d (J
β
mηβ)
]
= −Θmη . (125)
In regard of diffusion and chemical processes [28] [29],
we also define particle number current 3-forms built
from particle number fourvectors Nαi for different par-
ticle species as
Nαi ηα := −dτ ∧ J
α
i ηα + niη , (126)
where niη expresses the average number of particles of
a given species contained in the spatial volume element
η (maybe chemical constituents diluted in an inert fluid
medium), and Jαi ηα is the particle diffusion flux. The
particle number current (126) is assumed not to be in
general conserved, even if for ordinary material particles
baryon number conservation is in order. The local bal-
ance equation for the transfer of different kinds of par-
ticles of a mixture into or out of an elementary volume
element then reads
d
(
Nαi ηα
)
≡ dτ ∧
[
lu(niη) + d (J
α
i ηα)
]
= −ΘNi η , (127)
where ΘNi is a source or sink representing the rate of cre-
ation or destruction of the number of particles of a given
species (due for instance to chemical reactions creating
or destroying particles of that species). Thus, according
to the continuity equations (125) and (127) for mass and
particle number respectively, nuclear and chemical re-
actions involve in general irreversible fuel consumption.
The link of (124) and (126) to the formalism previously
developed in Sect.V is established by postulating the en-
ergy flux (59) to consist of the sum of heat, mass and
chemical flows as
qβ = qβ
H
− Jβm − µ
iJβi , (128)
where we introduced the chemical potentials µi as addi-
tional quantities. In the present approach, it is super-
fluous to consider an entropy flux [18] [30] neither as an
independent quantity nor as defined in terms of the flows
qβ
H
and µiJβi appearing in (128).
A. The first law of thermodynamics
The gauge theoretical theorem of conservation of en-
ergy (66) makes contact with the phenomenology of ther-
mal processes by substituting (123) and (128) into (66)
taking into account (125) and (127), so that one gets
lu(uη) − d (q
β
H
ηβ) + p luη − µ
ilu(niη)
+  Luϑ
α ∧Πα
βηβ + dµ
i ∧ Jβi ηβ
− pα  Luu
α η − Tα⊥ uα ∧ q
βηβ
− Rαβ⊥ ∧ (ταβ)⊥ − µ
iΘNi η −Θmη = 0 .
(129)
Eq. (129) becomes more familiar when written in a suit-
able notation. At this purpose we introduce the following
definitions
U := uη , (130)
q
H
:= qβ
H
ηβ , (131)
Ni := niη , (132)
Θtotη := −
(
eβ⌋ Luϑ
α
)
Πα
βη −
(
eβ⌋dµ
i
)
Jβi η
+pα  Luu
α η + Tα⊥ uα ∧ q
βηβ
+Rαβ⊥ ∧ (ταβ)⊥ + µ
iΘNi η +Θmη , (133)
being (130) the amount of internal energy stored in an
elementary volume, (131) the heat flux, (132) the number
of particles of a given species contained in the volume
element considered, and (133) the energy dissipation rate
due to irreversible processes (as interpreted from (139)
below). In terms of these quantities, (129) takes the form
lu U− dqH + p luη − µ
i luNi = Θtotη , (134)
in which one easily recognizes the first law of thermo-
dynamics as a local energy balance equation for thermal
phenomena. Eq.(134) establishes the conservation of en-
ergy as a multiform quantity subject to various transfer
and conversion processes taking place between a given
thermodynamic system and its surroundings. When one
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integrates (134) in a closed domain D of 3-dimensional
space enclosed by the boundary ∂D, the rate of change of
the amount of internal energy accumulated in the volume
D is shown to depend on the energy interchange with the
exterior, measured by the balance of inflow and outflow
of the heat flux passing across the enclosure ∂D plus the
work performed by or done on external bodies by energy
transfer, energetic changes involved in chemical reactions
and further contributions to be interpreted later, in view
of the second law, as dissipation (heating) due irreversible
processes. The interconvertibility between the different
forms of energy means that, in order to preserve energy
from creation nor destruction, work production requires
either heat supply to the system or internal energy con-
sumption, the latter allowing to produce work in adia-
batic processes at no expense of any external heat source.
Conversely, work done on the system, or incoming heat
not spent in doing work, increase the amount of inter-
nal energy stored. In general, heat passing through the
system is partially absorbed and partially transformed
into work. Observable effects of energy transfer such as
heat absorption or work generation are external phenom-
ena occurring outside the system’s boundary, the latter
playing a fundamental role in thermodynamics. Certain
energetic and material exchanges may or may not be al-
lowed according to wether the enclosing surface of each
small portion of the global system is rigid or movable,
penetrable or impenetrable to matter, or consists either
of adiabatic or diathermal walls. In particular, open sys-
tems can swap energy and matter, closed systems only
energy, and isolated systems none of both. In our ap-
proach, no restrictions to any kind of interchange are
considered in principle.
The energy conservation law (134) does not set any
restriction on the possible conversions between different
forms of energy. This total ability to mutate remains in
force as far as transformations among internal energy and
work, or of any of them into heat, are concerned (as for
instance in the case of total conversion of work into heat
by heating a body by friction). However, the conversion
of heat into other forms of energy is severely limited by
the second law.
B. The second law of thermodynamics
The present (gauge) treatment of irreversible pro-
cesses, to be completed next, is closely related to clas-
sical irreversible thermodynamics, pioneered by Onsager
and Prigogine [31] [32], resting on the local equilibrium
hypothesis, according to which thermodynamic quanti-
ties are locally well defined in inhomogeneous systems
out of equilibrium, being subject instantaneously at each
point to the same relations as assumed globally for uni-
form systems in equilibrium in ordinary thermodynamics
[31] -[38]. Macroscopic matter systems are supposed to
decompose into infinitesimal subsystems endowed with
dynamical and thermal properties described by space-
time dependent variables fulfilling local thermodynami-
cal laws. In this spirit, we assume the internal energy
U to be a functional of macroscopic physical quantities,
analogous to the standard thermodynamical ones, repre-
sented in our case by differential forms. In particular, for
the description of fluids, we choose
U = U (s ,Ni , η ) , (135)
being η an infinitesimal volume element, Ni := niη the
number of particles of various species –from subatomic
to molecular– enclosed in it, and the 3-form s = ση the
entropy, as a new physical variable necessary to deal with
macroscopic material systems [39]. (Densities represent
extensive thermodynamical variables.) The Lie deriva-
tive of the internal energy (135) expands as
lu U =
∂U
∂s
lus+
∂U
∂Ni
luNi +
∂U
∂η
luη , (136)
where the functional derivatives are defined [39] as
∂U
∂s
=: T ,
∂U
∂Ni
=: µi ,
∂U
∂η
=: −p , (137)
That is, the derivative of U with respect to the entropy is
identified as absolute temperature (absent from (134)),
its rate of change with respect to the number of particles
of each species is measured by a chemical potential (the
potential energy involved in chemical reactions or phase
transitions), and the derivative of U with respect to the
volume defines pressure. Thus, (136) with (137) reads
lu U = T lus+ µ
i luNi − p luη , (138)
which is the Gibbs fundamental equation for internal en-
ergy. The term T lus measures the quantity of heat in-
terchanged with the surroundings at a given tempera-
ture. In particular, heat received by a system can be
used to increase its internal energy (heating), to do me-
chanical work (volume expansion) or to perform changes
of phases or of chemical composition (consisting, roughly
speaking, in adding or substracting particles). The com-
patibility requirement between the first law of thermody-
namics (134) deduced above and the alternative formu-
lation (138) of the same physical principle gives rise to
the second law of thermodynamics
lus−
1
T
dq
H
=
1
T
Θtotη , (139)
providing an additional condition on the entropy ignored
in (138), where it was introduced for the first time. Ac-
cording to (139), the entropy production or consumption
in a system originates exclusively from heat exchange or
energy dissipation. Contrarily to changes of internal en-
ergy, entropy increase cannot be induced by doing work
on the system. Heat supply and absorption also differs
from other forms of energy transfer in that it requires the
concurrence of surrounding bodies at different tempera-
tures. Being the concept of temperature absent from the
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first law in its form (134), it is the second law (139) that,
in terms of the mutually related notions of temperature
and entropy, determines the directionality of spontaneous
heat transfer from hotter to colder bodies, provided
Θtot ≥ 0 . (140)
This non-negativity condition on the source term in (139)
–measuring there the total entropy generated by irre-
versible processes– does in general not follow necessarily
from the present approach, but depends on the partic-
ular matter model considered. Requirement (140) is to
be regarded as an externally imposed criterion, based
on experience, for the physical acceptability of realistic
models.
As an illustration of possible conditions ensuring (140)
to hold, the first term in the rhs of (133) results to be
non-negative if we consider a generalization of standard
Newtonian fluids giving rise to a sum of quadratic terms
as follows. From (48)-(50) we find that the total stress
tensor decomposes as
Παβ = Π[αβ] + /Sαβ +
1
3
hαβSµ
µ . (141)
The contributions of shear and bulk viscosities are both
positive (or zero) provided one postulates for them to be
/Sαβ = −2η
[
e(α⌋ Luϑβ) −
1
3
hαβ
(
eµ⌋ Luϑ
µ
)]
, (142)
Sµ
µ = −3ζ (eµ⌋ Luϑ
µ
)
, (143)
respectively, built in term of  Luϑ
α as a generalized ve-
locity gradient, see (B6). Analogously, the antisymmetric
piece in (141) may be taken as
Π[αβ] = γ
(
e[α⌋ Luϑβ]
)
. (144)
For the second term in the rhs of (133), it is possible to
assume the chemical diffusion law
Jβi = −Li
j
(
eβ⌋dµj
)
, (145)
more fundamental than Fick’s empirical first law [31] [40],
where the particle diffusion flux is generated by gradients
in the chemical potentials, and Li
j is a positive definite
matrix of phenomenological diffusion coefficients. The
non-negativity of the remaining terms is more problem-
atic. Regarding stars, the nonnegative contribution of
Θm is granted to some extent since the decrease of the
amount of mass due to fusion gives rise to positive heat
production. But µiΘNi is positive only for exothermal
chemical reactions and the sign of pβ  Luu
β is undeter-
mined in principle, so that one cannot but merely assume
it, if negative, to be no greater than the sum of the other
contributions. The same holds for the term involving
torsion. For the spin term, one could make the Ohm’s
law-like assumption
ταβ⊥ = ξ
#Rαβ⊥ . (146)
In any case, the fulfillment of (140) is not a priori guar-
anteed for arbitrary kinds of matter and it remains an
open question to determine which ones are compatible
with that key thermodynamical requirement.
Regarding other main aspect of the second law (139),
the quantity of heat flow q
H
penetrating the system
across its bounding surface is weighted by the temper-
ature of the external body involved at each stage of the
transfer process. The temperatures of the system and of
the outer heat sources are in general distinct from each
other even though, eventually, in reversible processes or
during transient local equilibrium states, the tempera-
ture difference may tend to zero. Heat supply
dq
H
T
from
the exterior, along with entropy production 1
T
Θtotη, re-
lated to energy dissipation, give rise to a change lus over
time in the amount of entropy stored in the system. In or-
der for heat transfer to take place spontaneously, it must
be accompanied by a global growth of entropy in the
joint system formed by both, the studied system and its
environment. Regarded locally, this means that, when-
ever an entropy decrease is caused by a small system in
its surroundings by taking heat from an external ther-
mal source at a given temperature, the system should
compensate the loss by giving up at least part of the ab-
sorbed heat to an external sink at a different temperature
-since no work but only heat exchanges produce entropy
alterations–, so that the amount of entropy surrendered
by the local system is larger than the one it received,
and, on balance, a global increase of entropy occurs. In
reversible thermodynamic cycles (in which the system re-
turns back to its initial state while Θtot = 0), incoming
heat at a higher temperature is balanced by a smaller
quantity of outgoing heat at a lower temperature so that∮ dq
H
T
= 0. Provided the system interchanges heat suc-
cessively with a source and a sink at constant tempera-
tures Tin and Tout respectively, integration of the latter
condition yields
Qout
Tout
=
Qin
Tin
, (147)
being Qin −Qout = Qin
(
1− Tout
Tin
)
the amount of heat an
engine working between the given temperatures can use
to produce work.
Recall that the two laws constituting the general unify-
ing principles for all physical phenomena involving heat
interchanges are deduced –up to the phenomenological
condition (140)– from local translational invariance as
considered in PGT, thus deserving to be dubbed laws
of gauge thermodynamics as proposed in the title of the
present paper.
VIII. STATE EQUATIONS AND
THERMODYNAMICAL BEHAVIOR OF SIMPLE
NO SPIN FLUIDS
Thermodynamics provides the abstract framework to
deal with energy, but it must be completed with empirical
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state equations concerning concrete physical quantities.
On the theoretical site, the Gibbs fundamental law (138)
with (130), (132) and s = ση expands as
luu η + u luη =
(
T luσ + µ
iluni
)
η +
(
Tσ + µini − p
)
luη .
(148)
The simplest way to ensure (148) to hold is to assume
the separate conditions
luu = T luσ + µ
iluni , (149)
u+ p = Tσ + µini , (150)
being the quantity in the lhs of (150) the enthalpy den-
sity. The link between theory and phenomenology is es-
tablished by requiring (149) and (150) to be satisfied by
the variables related to each other by the state equations
supported by observation. This provides us with pre-
cise values of the quantities u, p, σ and µi, from which
we further will require to fit consistently in the general
scheme determined by energy-momentum conservation.
In Sect.IX we will derive the consequences of this re-
quirement for energy flux and shear viscosity.
A. Ideal monatomic gases
Let us first consider the phenomenological equation of
state of perfect gases, summarizing the laws of Boyle-
Mariotte, Charles and Gay-Lussac, and Avogadro. It
establishes the simple relation pV = nmolRT between
pressure, volume and temperature, being nmol the num-
ber of moles and R the ideal gas constant. Although not
strictly necessary, in order to reexpress the same state
equation in terms of the particle number density present
in (149) and (150), we take from statistical mechanics [41]
a result according to which the laws of atomic and sub-
atomic processes involving discrete particles predict the
observable behavior of macroscopic continuous matter.
By considering the classical Maxwell-Boltzmann statisti-
cal approach to ideal dilute monatomic gases constituted
by point masses of particles of a single species without
structure and with no mutual interactions other than per-
fectly elastic collisions, the state equation takes the form
p = k
B
nT , where k
B
is the Boltzmann constant and n the
particle number density. The remaining relevant thermo-
dynamic quantities fulfilling (149) and (150) can be also
derived, resulting to be
u =
3
2
k
B
nT , (151)
p = k
B
nT , (152)
σ = k
B
n
(
log
[(
k
B
T
) 3
2
n
]
+
5
2
+ α
0
)
, (153)
µ = −k
B
T
(
log
[(
k
B
T
) 3
2
n
]
+ α
0
)
. (154)
The constant α
0
, and thus the absolute value of en-
tropy, left undetermined by the classical approach, can
be calculated with the help of quantum mechanics. The
Sackur-Tetrode equation for entropy [43] fixes it as α
0
=
3
2 log
(
2pim
h2
)
, being h Planck’s constant and m the mass
of a single particle. The quantum ideal gas results, ob-
tained in the limit of low densities and high temper-
atures, coincide with those (151)-(154) of the classical
approach, regardless of whether Bose-Einstein or Fermi-
Dirac statistics is used to deduce them [42]. No matter in
what way one arrives at Eqs.(151)-(154), the relevant fact
is that they provide a set of physically meaningful quan-
tities approaching the observational behavior of gases as
reflected in the state equation (152) and satisfying at the
same time (149) and (150) particularized to the case of
a gas constituted by a single species of particles.
B. Van der Waals fluids
A generalization of the previous result is provided by
the Van der Waals state equation(
p+ an2
)(
1− bn
)
= k
B
nT , (155)
where interactions between particles are taken into ac-
count [41]. In immediate analogy to (151)-(154) (as the
simplest particular case), we use (149) and (150) to de-
rive the quantities
u = cnkBnT − an
2 , (156)
p =
k
B
nT(
1− bn
) − an2 , (157)
σ = k
B
n
{
log
[(
k
B
T
)cn
n
(
1− bn
)]
+
(
cn + 1
)
+A
0
}
,
(158)
µ = −k
B
T
{
log
[(
k
B
T
)cn
n
(
1− bn
)]
−
bn(
1− bn
) +A
0
}
−2an , (159)
where we introduced
cn :=
1
k
B
n
( ∂u
∂T
)
n
(160)
as the redefined specific heat capacity at constant number
density. As before, (156)-(159) fulfill both, the equation
of state (155) (that is, (157)), and the Gibbs conditions
(149) and (150) restricted to a single species of particles
as
luu = µlun+ T luσ , (161)
u+ p = Tσ + µn . (162)
The functional dependence of (156) on temperature and
particle number density has as a consequence that, in
general, changes in the internal energy of a system in-
duced by energy transfer manifest themselves as heating
or cooling, but they may also be due to changes in the
particle number density resulting from diffusion processes
or chemical reactions.
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C. Photon gas
Thermal radiation of a body in thermal equilibrium
is described using as a theoretical model a photon gas
filling a cavity [44] [45]. All physical quantities involved
in it are functions of the temperature
uph = αT
4 , (163)
pph =
1
3
uph , (164)
σph =
4
3
αT 3 , (165)
µph = 0 , (166)
nph = λT
3 , (167)
automatically satisfying (161) and (162). Notice that
(164) reproduces the relation (77) between pressure and
energy density previously found for Maxwell fields. In
the following, we will assume (163)-(167) to hold even in
irreversible processes.
IX. SPHERICAL MATTER SOURCES OF
GRAVITY
Next we consider matter as source of gravity. Al-
though, in general, the sources of the gravitational fields
involved in PGT are the energy-momentum tensor and
the spin current, we will restrict our attention to the sim-
ple case of no-spin fluids. Let us consider a Lagrangian
density (4) consisting of the sum of a non-specified mat-
ter piece and a gravitational contribution given by the
Hilbert-Einstein term
Lgr = −
1
2κ
ηαβ ∧R
αβ , (168)
with κ = 8πG as the gravitational constant, being G
Newton’s constant. The features of matter will be deter-
mined later with the help of the field equations and the
conservation laws. From (168) we find the gravitational
energy-momentum 3-form (7) to be
Eα = −
1
2κ
ηαµν ∧R
µν , (169)
that is, the exterior calculus formulation of the Einstein
tensor, while the translational and Lorentz excitations
(8) read respectively
Hα = 0 , (170)
Hαβ =
1
2κ
ηαβ . (171)
In terms of these particular values, the field equations
(11) and (12) reduce to
1
2κ
ηαµν ∧R
µν = Σα , (172)
1
2κ
Dηαβ = 0 , (173)
provided we assume, as already announced, the (non
specified) matter Lagrangian to describe a fluid with zero
spin current (10). In this case, (14) reduces to
ϑ[α ∧Σβ] = 0 , (174)
establishing that the matter energy-momentum must be
symmetric. On the other hand, from (173), taking into
account that Dηαβ = ηαβγ ∧ T γ, follows the vanishing
of torsion, so that (172) becomes the standard Einstein
equation we are going to solve.
Looking for an inner Schwarzschild solution for gravity
originated by a non-rotating spherical distribution of no-
spin matter, we postulate the coframe
ϑ0 = fdt , (175)
ϑ1 =
dr
g
, (176)
ϑ2 = r dθ , (177)
ϑ3 = r sin θ dϕ , (178)
constituted by spherically symmetric tetrads with func-
tions f = f(t, r) and g = g(t, r) of the radial and tem-
poral variables. The non-vanishing components of the
Christoffel connections
Γαβ = e[α⌋dϑβ] −
1
2
(eα⌋eβ⌋dϑγ)ϑ
γ , (179)
calculated from the tetrads (175)-(178), read
Γ01 =
(
g ∂r log f
)
ϑ0 −
( 1
f
∂t log g
)
ϑ1
= (e1⌋d log f)ϑ
0 − (e0⌋d log g)ϑ
1 , (180)
Γ02 = 0 , (181)
Γ03 = 0 , (182)
Γ12 =
g
r
ϑ2 , (183)
Γ13 =
g
r
ϑ3 , (184)
Γ23 =
cos θ
r sin θ
ϑ3 , (185)
where –in (180)– we used the dual frame of (175)-(178),
that is
e0 =
1
f
∂t , (186)
e1 = g ∂r , (187)
e2 =
1
r
∂θ , (188)
e3 =
1
r sin θ
∂ϕ . (189)
The non-zero components of the curvature
Rα
β := dΓα
β + Γγ
β ∧ Γα
γ (190)
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calculated from (180)-(185) are found to be
R01 =
g
f
[
∂r(g ∂rf)− ∂t
( 1
f
∂t
(1
g
))]
ϑ0 ∧ ϑ1 ,(191)
R02 =
g2
r
∂r log f ϑ
0 ∧ ϑ2 −
1
fr
∂tg ϑ
1 ∧ ϑ2 , (192)
R03 =
g2
r
∂r log f ϑ
0 ∧ ϑ3 −
1
fr
∂tg ϑ
1 ∧ ϑ3 , (193)
R12 =
1
fr
∂tg ϑ
0 ∧ ϑ2 +
1
r
g ∂rg ϑ
1 ∧ ϑ2 , (194)
R13 =
1
fr
∂tg ϑ
0 ∧ ϑ3 +
1
r
g ∂rg ϑ
1 ∧ ϑ3 , (195)
R23 =
(g2 − 1)
r2
ϑ2 ∧ ϑ3 . (196)
Substituting (191)-(196) into (172), we get, for the non-
vanishing tensorial components of the matter energy-
momentum (40), the conditions
κΣ0
0 =
1
r2
∂r
[
r(g2 − 1)
]
, (197)
κΣ1
0 =
2
fr
∂tg , (198)
κΣ1
1 = 2
g2
r
∂r log f +
(g2 − 1)
r2
, (199)
κΣ2
2 =
g
f
[
∂r(g ∂rf)− ∂t
( 1
f
∂t
(1
g
))]
+
g2
r
∂r log f +
1
r
g ∂rg , (200)
κΣ3
3 = κΣ2
2 . (201)
From (197) follows
g2 = 1−
κ
8π
2m
r
, (202)
in terms of the mass function m = m(t, r) defined as
m := −
∫ r
0
Σ0
0 4πr2dr , (203)
so that
Σ0
0 = −
1
4πr2
∂rm. (204)
Eq. (198) with (202) yields
Σ1
0 =
2
κfr
∂tg = −
∂tm
4πr2fg
, (205)
and, on the other hand, the difference between (197) and
(199) reads
2
g2
r
∂r log
(f
g
)
= κ
(
Σ1
1 − Σ0
0
)
, (206)
implying
f = g exp
( κ
8π
χ
)
, (207)
where the function χ(t, r) is defined as
χ :=
∫ r
0
(
Σ1
1 − Σ0
0
) 1
g2
4πrdr , (208)
giving rise to
Σ1
1 − Σ0
0 =
g2
4πr
∂rχ . (209)
Integration functions depending on t are chosen to vanish
in order to ensure the matching with the Schwarzschild
vacuum solution, for which f = g and Σ1
1 = Σ0
0. Suit-
ably rewriting the energy-momentum components (204),
(205) and (209) with the help of (186) and (187), and
expressing (200) in terms of them, (197)-(201) take the
form
Σ0
0 = −
1
4πr2g
(e1⌋dm) , (210)
Σ1
0 = −
1
4πr2g
(e0⌋dm) , (211)
Σ1
1 = Σ0
0 +
g
4πr
(e1⌋dχ) , (212)
Σ2
2 = Σ1
1 +
r
2g
[
e0⌋dΣ1
0 + e1⌋dΣ1
1
−2 (e0⌋d log g)Σ1
0
+(e1⌋d log f)
(
Σ1
1 − Σ0
0
)]
,(213)
Σ3
3 = Σ2
2 . (214)
The derivatives of f and g appearing in (213) are found,
from (202) and (207), to be respectively
d log g =
κr
2g
(
−
1
4πr2g
dm+
m
4πr3
ϑ1
)
, (215)
d log f = d log g +
κ
8π
dχ
=
κr
2g
( g
4πr
dχ−
1
4πr2g
dm+
m
4πr3
ϑ1
)
,
(216)
so that, using (210)-(212), it follows
e0⌋d log g =
κr
2g
Σ1
0 , (217)
e1⌋d log g =
κr
2g
(
Σ0
0 +
m
4πr3
)
, (218)
e1⌋d log f =
κr
2g
(
Σ1
1 +
m
4πr3
)
. (219)
As shown by (210)-(219), the energy-momentum matter
source components in the rhs of (172), calculated with
the help of the spacetime functions f and g of the inner
Schwarzschild metric (entering the gravitational energy-
momentum form (169) in the lhs of (172)), are fully de-
scribed by the functions m and χ and their derivatives.
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A. Conservation of the matter energy-momentum
Being the gravitational energy-momentum (169) iden-
tically conserved, the Einstein equation (172) guaran-
tees the automatic conservation of the material energy-
momentum. Actually, according to (13) with zero torsion
and no spin current
DΣα = 0 . (220)
We will show explicitly how it occurs by expressing (220)
in the form
0 = DΣα = D
(
Σα
µηµ
)
= DΣα
µ ∧ ηµ =
(
eµ⌋DΣα
µ
)
η .
(221)
Let us first evaluate the radial equation, being careful
to include the non-zero contributions of covariant deriva-
tives of vanishing energy-momentum components as
eµ⌋DΣ1
µ = e0⌋DΣ1
0 + e1⌋DΣ1
1 + e2⌋DΣ1
2 + e3⌋DΣ1
3
= e0⌋
[
dΣ1
0 + Γ1
0
(
Σ1
1 − Σ0
0
)]
+e1⌋
(
dΣ1
1 + 2Γ0
1Σ1
0
)
+e2⌋
[
Γ1
2
(
Σ1
1 − Σ2
2
)]
+e3⌋
[
Γ1
3
(
Σ1
1 − Σ3
3
)]
. (222)
Replacing (180)-(184) in (222), the latter becomes
eµ⌋DΣ1
µ = e0⌋dΣ1
0 + e1⌋dΣ1
1 − 2 (e0⌋d log g)Σ1
0
+(e1⌋d log f)
(
Σ1
1 − Σ0
0
)
+
2g
r
(
Σ1
1 − Σ2
2
)
,
(223)
whose vanishing is identical with Eqn.(213) for Σ2
2. Pro-
ceeding in a similar way with the time equation, we find
eµ⌋DΣ0
µ = e0⌋dΣ0
0 + e1⌋dΣ0
1 − 2 (e1⌋d log f)Σ1
0
+(e0⌋d log g)
(
Σ1
1 − Σ0
0
)
+
2g
r
Σ0
1 .
(224)
A simple calculation shows that it vanishes as a direct
consequence of the values (210)–(212) provided by the
field equations. Finally, the angular equations are trivial
eµ⌋DΣ2
µ = e2⌋dΣ2
2 = 0 , (225)
eµ⌋DΣ3
µ = e3⌋dΣ3
3 = 0 , (226)
since Σ2
2 is a function of t and r only, with zero deriva-
tives with respect to θ and ϕ, see (188) and (189). For
completness, let us show the differential condition on the
mass function m which is hidden in the equations already
considered. We achieve it by expressing the conservation
of energy-momentum as
DΣ0 = d
(
Σ0
0η0 +Σ0
1η1
)
+ d log g ∧ Σ1
1η0
−d log f ∧ Σ1
0η1 = 0 , (227)
DΣ1 = d
(
Σ1
0η0 +Σ1
1η1
)
− d log g ∧ Σ1
0η0
−d log f ∧ Σ0
0η1 −
2g
r
Σ2
2η = 0 , (228)
DΣ2 = d
(
Σ2
2η2
)
−
cos θ
r sin θ
Σ2
2η
= dΣ2
2 ∧ η2 = 0 , (229)
DΣ3 = d
(
Σ2
2η3
)
= dΣ2
2 ∧ η3 = 0 . (230)
Since (227) is solved by (210)–(211) and (229) and (230)
follow from the functional dependence of Σ2
2, let us look
only for a more convenient form of (228). From (210)
and (211) we find out that
1
4πr2g
∗dm = Σ1
0η0 − Σ0
0η1 , (231)
and consequently
1(
4πr2g
)2 dm ∧ ∗dm = −[(Σ10)2 − (Σ00)2]η . (232)
The components of the energy-momentum 3-form (40)
as derived from (210)-(214) with (231) read in compact
form
Σ0 = −
1
4πr2g
dm ∧ η01 , (233)
Σ1 =
1
4πr2g
∗dm+
(
Σ0
0 +Σ1
1
)
η1 , (234)
Σ2 = Σ2
2 η2 , (235)
Σ3 = Σ2
2 η3 , (236)
so that Eq.(228) with (231), (234) and (217)-(219) takes
the form
0 = d
[ 1
4πr2g
∗dm+
(
Σ0
0 +Σ1
1
)
η1
]
+
κr
2g
1(
4πr2g
) dm ∧ (Σ00 +Σ11 + m
4πr3
)
η1
−
κr
2g
[(
Σ1
0
)2
−
(
Σ0
0
)2]
η −
2g
r
Σ2
2 η . (237)
Operating and taking into account (232), we finally get
0 =
1
4πr2g
d∗dm+
κr
g
1(
4πr2g
)2 dm ∧ ∗dm
+
κr
2g
1(
4πr2g
) dm ∧ (Σ00 +Σ11)η1
+d
[(
Σ0
0 +Σ1
1
)
η1
]
+
2g
r
(
Σ0
0 − Σ2
2
)
η .
(238)
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Our next task will be to penetrate the inner structure
of the previous general results with the aim of obtaining
information concerning the different pieces of Eckart’s
decomposition of the energy-momentum tensor.
B. Identifying the energy-momentum constituents
In view of the symmetry condition (174) following
from vanishing spin current, the energy-momentum ten-
sor (45) simplifies to the symmetric expression
Σα
β = ρ uαu
β + p hα
β − uαq
β − qαu
β + Sα
β , (239)
(with pα = qα and Πα
β = Sα
β), and the energy and
momentum conservation equations (66) and (68) reduce
respectively to
lu(ρη)−d (q
βηβ)+p luη− qα  Luu
α η+Duα∧Sα
β ηβ = 0 ,
(240)
and
hα
β
[
 Lu
(
qβ η
)
−D
(
Sβ
γ ηγ
)]
− dp ∧ ηα = −Duα ∧ q
βηβ .
(241)
Notice that, in both equations, the contribution of the
viscosity stress tensor Sα
β can be split into shear and
bulk viscosities according to (50), in such a way that the
pressure p transforms into the effective pressure
peff := p+
1
3
Sµ
µ , (242)
showing the role of Sµ
µ as compression. Although
the identification of phenomenological pressure with this
quantity remains an open possibility, here we will con-
sider the bulk viscosity as a separate variable. The inter-
pretation of the dynamical content of (240) and (241) re-
quires to identify the basic pieces (41)–(44) of the spher-
ical source (239) in terms of the components (210)–(214)
derived from the Einstein equations. The obvious guide
to look for the constitutive matter variables is provided
by their defining equations (41)-(51) themselves, which,
in the present case, read
ρ = −2Σ1
0u1u
0 − (u0)2Σ0
0 + u21Σ1
1 +
(
u22 + u
2
3
)
Σ2
2 ,
(243)
qα = hα
0
[(
Σ0
0 − Σ2
2
)
u0 +Σ0
1u1
]
+hα
1
[(
Σ1
1 − Σ2
2
)
u1 +Σ1
0u0
]
, (244)
Σµ
µ = −ρ+ 3p+ Sµ
µ , (245)
/Sα
β = hα
β
[
Σ2
2 −
1
3
(
ρ+Σµ
µ
)]
+hα
0
[(
Σ0
0 − Σ2
2
)
h0
β +Σ0
1h1
β
]
+hα
1
[(
Σ1
1 − Σ2
2
)
h1
β +Σ1
0h0
β
]
. (246)
We shall proceed in two steps. First we relate the physical
quantities in the rhs of (239) to the inner Schwarzschild
functions m and χ (whose possible dependence on other
variables such as mass density or temperature, etc. re-
mains to be determined) and later we will describe, with
the help of these constitutive element of (239), a partic-
ular spherical matter source –a star, say– composed of a
Van der Waals fluid and radiation characterized as a pho-
ton gas. Let us begin by considering Eq.(243), trivially
reformulated as
ρ+ Σ0
0 = −2Σ1
0u1u
0 +
(
Σ1
1 − Σ2
2
)
u21
−
(
Σ2
2 − Σ0
0
)
h0
0 . (247)
Taking into account (231), whose decomposition into lon-
gitudinal and transversal parts yields
1
4πr2g
#dm = Σ1
0η0 − Σ0
0η1 , (248)
1
4πr2g
lum = −
(
Σ1
0u0 +Σ0
0u1
)
, (249)
by replacing (249) in (247) we get the information con-
tained in the latter expressed as
2u1
4πr2g
lum =
(
ρ+Σ0
0
)
−
(
2Σ0
0 +Σ1
1 − Σ2
2
)
u21
+
(
Σ2
2 − Σ0
0
)
h0
0 . (250)
On the other hand, from (244) we build the energy flux
2-form
qαηα =
[(
Σ0
0 − Σ2
2
)
u0 +Σ1
0u1
]
η0
+
[(
Σ1
1 − Σ2
2
)
u1 − Σ1
0u0
]
η1 , (251)
and rewrite it as
qαηα = u1
(
Σ1
0η0 − Σ0
0η1
)
−
(
Σ1
0u0 +Σ0
0u1
)
η1
+
(
Σ0
0 +Σ1
1
)
u1η1 +
(
Σ2
2 − Σ0
0
)(
u2η2 + u3η3
)
,
(252)
so that, by replacing in it (248) and (249), it becomes
qαηα =
u1
4πr2g
#dm+
1
4πr2g
lumη1 +
(
Σ0
0 +Σ1
1
)
u1η1
+
(
Σ2
2 − Σ0
0
)(
u2η2 + u3η3
)
. (253)
Eliminating the Lie derivative term from (253) by means
of (250), we get
qαηα =
u1
4πr2g
#dm+
(
Σµ
µ − 3Σ2
2
)
u1η1
−
(
Σ2
2 − Σ0
0
)
u0η0
+
[(
ρ+Σ0
0
)
−
(
Σ1
1 − Σ2
2
)
u21
+
(
Σ2
2 − Σ0
0
)
h0
0
] 1
2u1
η1 .
(254)
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The fact that the energy flux appears as a gradient
term plus additional contributions resembles formally the
Fourier law of thermal conduction and Fick’s first diffu-
sion law. Notwithstanding, a different formulation of the
same quantity qα is possible, as we will see later.
Let us now invoke Eq.(245). Consistently with it, for
the diagonal terms of the energy-momentum tensor (239)
we make the ansatz
Σ0
0 = −ρ , (255)
Σ1
1 = p+ Sµ
µ , (256)
Σ2
2 = p , (257)
Σ3
3 = p , (258)
and from (247) with (255)-(258) we find the remaining
non vanishing component to be
Σ1
0 = −
1
2u1u0
[(
ρ+ p
)
h0
0 − Sµ
µu21
]
. (259)
With these choices, (250) reduces to
2u1
4πr2g
lum =
(
2ρ− Sµ
µ
)
u21 +
(
ρ+ p
)
h0
0 , (260)
and Eq.(254) for the energy flux becomes
qαηα =
u1
4πr2g
#dm+
(
Σµ
µ − 3p
)
u1η1 −
(
ρ+ p
)
u0η0
+
[(
ρ+ p
)
h0
0 − Sµ
µu21
] 1
2u1
η1 . (261)
Finally, the shear viscous stress tensor as calculated from
(246) with (255)-(259) reads
/Sα
β = Sµ
µ
{
−
1
3
hα
β + hα
1h1
β +
u1
2u0
(
hα
1h0
β − hα
0h1
β
)}
−
(
ρ+ p
){
hα
0h0
β +
h0
0
2u1u0
(
hα
1h0
β − hα
0h1
β
)}
.
(262)
Eqs.(255)-(258) have also consequences for the remaining
constitutive elements of energy-momentum. From (210)
and (255) we read out
ρ =
1
4πr2g
(e1⌋dm) , (263)
in such a way that the mass definition (203) takes the
form
m :=
∫ r
0
ρ 4πr2dr . (264)
Analogously, Eq.(212) with (255) and (256) becomes
ρ+ p+ Sµ
µ =
g
4πr
(e1⌋dχ) , (265)
involving density, pressure and bulk viscosity, so that
(208) transforms into
χ :=
∫ r
0
(
ρ+ p+ Sµ
µ
) 2
g2
2πrdr . (266)
Finally, (231) with (255) and (293) below, reads
1
4πr2g
∗dm =
q0
u1
η0 + ρη1 , (267)
which, replaced in (237) together with (255)-(258), yields
0 = d
[ q0
u1
η0 +
(
p+ Sµ
µ
)
η1
]
−
2g
r
p η
+
κr
2g
[
−
( q0
u1
)2
+ ρ
(
p+ Sµ
µ +
m
4πr3
)]
η .
(268)
This completes the information provided by gauge grav-
ity alone. However, a further development is allowed
by taking into account the thermodynamical approach
presented in Sect.VII, with the auxiliary variables intro-
duced there.
C. Link to thermodynamical matter models
As pointed out in Sect II, the sources of gravity must
include all material contributions due to both, matter
proper and radiation. We will consider a gaseous sphere
whose material and radiative aspects are described by
a Van der Waals fluid and a photon gas respectively,
providing the basic constituents necessary to develop a
Poincare´ gauge theoretical model of the structure and
evolution of a non-rotating star. The total energy-
momentum is the sum of the fluid and radiation pieces
Σα = Σ
VdW
α +Σ
ph
α , (269)
which can be studied separately by assuming that possi-
ble no gravitational forces DΣVdWα = fα cancel out from
the global conditionDΣα = 0 to be considered at last, see
Sect.II. Several contributions to (269) are known from the
solution of the Gibbs equations (161) and (162). Among
the constitutive elements (239) of (269), the total energy
density ρ is given by (123) with the internal energy u as
the sum of (156) and (163), and the total pressure p is
found by adding up the partial pressures (157) and (164).
Notice that (264) with (123) reads
m :=
∫ r
0
(
ρm + u
)
4πr2dr , (270)
showing how the internal energy contributes to the to-
tal gravitational mass. However, the known derivatives
(248) and (249) of (270), expressed in terms of the quan-
tity Σ1
0 which is not determined by the Gibbs equation
(138), are useless to calculate the energy flow (261) for
the particular model (Van der Waals plus thermal pho-
tons) we are interested in. In order to overcome this
difficulty, I propose to introduce a speculative conjecture
allowing to find the form of (261) corresponding to any
kind of phenomenological matter. Let us make use of the
relation
r
g
∗d
( m
4πr3
)
≡
1
4πr2g
∗dm−
3m
4πr3
η1 , (271)
18
involving the mean mass density 3m4pir3 . Decomposing
(271) into
1
4πr2g
#dm =
r
g
#d
( m
4πr3
)
+
3m
4πr3
η1 , (272)
1
4πr2g
lum =
r
g
lu
( m
4πr3
)
+
3m
4πr3
u1 , (273)
and replacing (272) in (261), one gets
qαηα =
u1r
3g
#d
( 3m
4πr3
)
+
( 3m
4πr3
+Σµ
µ − 3p
)
u1η1
−
(
ρ+ p
)
u0η0 +
[(
ρ+ p
)
h0
0 − Sµ
µu21
] 1
2u1
η1 .
(274)
My non deductively justified assumption is suggested by
analogy with (108) and (118). It consists in choosing the
trace of the energy-momentum tensor to be
Σµ
µ = −
3m
4πr3
+ kp , (275)
leaving the numerical constant k unfixed so that it can
take different values depending on the kind of matter con-
sidered. In support of (275), notice the natural way in
which the quantities involved in it are related. See for in-
stance the second term in the rhs of (274). Furthermore,
from (210) and (212) with (218) and (219) we find
Σµ
µ = −
2
4πr2g
(e1⌋dm) +
g
4πr
(e1⌋dχ) + 2p
=
2g
κr
e1⌋d log
(
fg
)
−
2m
4πr3
+ 2p , (276)
implying that (275) is equivalent to the condition
6g
κr
e1⌋d log
(
fg
)
= Σµ
µ + 2
(
k − 3
)
p . (277)
In view of (51), the mean density in (275) reads
3m
4πr3
= ρ+
(
k − 3
)
p− Sµ
µ , (278)
where at least ρ and p are known from thermodynam-
ics for different phenomenological models, as mentioned
above. Making use of the hypothesis (275), Eq.(274)
takes the form
qαηα =
u1r
3g
#d
( 3m
4πr3
)
−
(
ρ+ p
)
u0η0
+
[(
ρ+ p
)
h0
0 − Sµ
µu21 + 2
(
k − 3
)
pu21
] 1
2u1
η1 ,
(279)
involving the gradient of (278). Once the energy flux has
become calculable, it still remains to identify its different
pieces (128) in order to make it possible to perform in
practice the reduction of the energy conservation equa-
tion (240) to the first law of thermodynamics (134). Let
us rewrite (128) for a single particle species as
qαηα = qH − Jm − µJ , (280)
and replace (123) in (278) to get
3m
4πr3
= ρm + u+
(
k − 3
)
p− Sµ
µ . (281)
Our attempt is to separate variables into the distin-
guished pieces of the rhs of (280). Assuming the bulk
viscosity not to depend on the mass density ρm, we iden-
tify the mass current as
− Jm :=
u1r
3g
#dρm + ρm
(
−u0η0 +
h0
0
2u1
η1
)
, (282)
while the sum of heat and particle number flows reads
q
H
− µJ :=
u1r
3g
#d
[
u+
(
k − 3
)
p− Sµ
µ
]
−
1
2
Sµ
µu1η1
+
(
u+ p
)[
−u0η0 +
h0
0
2u1
η1
]
+
(
k − 3
)
p u1η1 .
(283)
Let us try to identify the two pieces separately in the
particular case of a Van der Waals fluid.
D. Van der Waals energy flux pieces
Van der Waals fluids posses internal energy (156) and
pressure (157), so that Eq.(281), with the constant k de-
noted as k1 in order to distinguish its value from that of
radiation to be studied below, reads
3m
4πr3
= ρm −
(
k1 − 2
)
an2 + βT − Sµ
µ , (284)
where the function β of particle number density n (as-
sumed to be independent of T ) is defined as
β :=
[
cn +
(
k1 − 3
)(
1− bn
)]k
B
n . (285)
We also rewrite the sum of (156) and (157) as
u+ p = γT − 2an2 , (286)
in terms of
γ :=
[
cn +
1(
1− bn
)]k
B
n . (287)
On the other hand, using (286) we find
#d
(
an2
)
= 2an2 #d logn =
[
γT −
(
u+ p
)]
#d logn ,
(288)
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and we express (157) as
p =
k
B
nT(
1− bn
) − 1
2
[
γT −
(
u+ p
)]
. (289)
Replacing (284), (288) and (289) in (283) (where (282)
was already separated), one gets
q
H
− µJ :=
u1r
3g
#d
(
βT − Sµ
µ
)
+
1
2
(
βT − Sµ
µ
)
u1η1
−
(
k1 − 2
)[
γT
u1r
3g
#d logn+
1
2
cnkBnT u1η1
]
+
(
u+ p
)[(
k1 − 2
)u1r
3g
#d logn
−u0η0 +
h0
0
2u1
η1 +
1
2
(
k1 − 3
)
u1η1
]
.
(290)
Taking into account (162), the particle number flux is
easily identified as
−µJ := µn
[(
k1 − 2
)u1r
3g
#d logn
−u0η0 +
h0
0
2u1
η1 +
1
2
(
k1 − 3
)
u1η1
]
,
(291)
and the heat flow thus reads
q
H
:=
u1r
3g
#d
(
βT − Sµ
µ
)
+
1
2
(
βT − Sµ
µ
)
u1η1
−
(
k1 − 2
)[
γT
u1r
3g
#d logn+
1
2
cnkBnT u1η1
]
−Tσ
1
n
J . (292)
Let us compare these results with the alternative formu-
lation of the energy flow calculated from (46) (or from
(47), since pα = qα). In the present case, this condition
takes the form
q0 = u0
(
ρ+Σ0
0
)
+Σ0
1u1 , (293)
q1 = u1
(
ρ+Σ1
1
)
+Σ1
0u0 , (294)
q2 = u2
(
ρ+Σ2
2
)
, (295)
q3 = u3
(
ρ+Σ2
2
)
, (296)
which, with (255)-(259), reduces to
q0 =
1
2u0
[(
ρ+ p
)
h0
0 − Sµ
µu21
]
, (297)
q1 = u1
(
ρ+ p
)
+
1
2u1
[(
ρ+ p
)
h0
0 + Sµ
µu21
]
,(298)
q2 = u2
(
ρ+ p
)
, (299)
q3 = u3
(
ρ+ p
)
. (300)
The decomposition into separate pieces (280) is immedi-
ate by using (123) and (162) to show that
ρ+ p = ρm + u+ p , (301)
= ρm + Tσ + µn , (302)
allowing to identify the mass flow (or mechanical momen-
tum) components
−Jm0 = ρm
h0
0
2u0
, (303)
−Jm1 = ρm
(
u1 +
h0
0
2u1
)
, (304)
−Jm2 = ρmu2 , (305)
−Jm3 = ρmu3 , (306)
as much as the components of the particle number flux
−J0 = n
h0
0
2u0
, (307)
−J1 = n
(
u1 +
h0
0
2u1
)
, (308)
−J2 = nu2 , (309)
−J3 = nu3 , (310)
and those of the heat flux
qH0 = Tσ
h0
0
2u0
− Sµ
µ u
2
1
2u0
, (311)
qH1 = Tσ
(
u1 +
h0
0
2u1
)
+
1
2
Sµ
µu1 , (312)
qH2 = Tσ u2 , (313)
qH3 = Tσ u3 . (314)
The energy flow 2-form built from the components (297)-
(300) reads
qαηα = −
(
ρ+ p
)[
u0η0 + h0
0
( 1
2u0
η0 −
1
2u1
η1
)]
+Sµ
µu21
( 1
2u0
η0 +
1
2u1
η1
)
. (315)
The link between this simple expression and the previ-
ously obtained ones involving gradients is established by
means of (248), which in view of (255) and (293) relates
to the first flux component as
u1
4πr2g
#dm = q0η0 + ρ u1η1 . (316)
Returning to the notation (248) and replacing in it the
explicit form (259) of Σ1
0 as much as (255), and taking
into account (272) and (278), we get (316) transformed
into
u1r
3g
#d
( 3m
4πr3
)
= −
[(
ρ+ p
)
h0
0 − Sµ
µu21
] 1
2u0
η0
+
[
Sµ
µ −
(
k1 − 3
)
p
]
u1η1 . (317)
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Let us use (317) with (284) and (286), separating the
different variables involved, to find
u1r
3g
#dρm = −ρm
h0
0
2u0
η0 , (318)(
k1 − 2
)u1r
3g
#dn = −n
h0
0
2u0
η0 −
1
2
(
k1 − 3
)
nu1η1 ,
(319)
u1r
3g
#d
(
βT
)
= −γT
h0
0
2u0
η0
−
(
k1 − 3
)(
1− bn
)k
B
nT u1η1 , (320)
u1r
3g
#dSµ
µ = −Sµ
µ
( u21
2u0
η0 + u1η1
)
. (321)
In analogy to (317), Eq.(260) with (273) and (275) takes
the form
2u1r
3g
lu
( 3m
4πr3
)
=
(
ρ+ p
)
h0
0 + Sµ
µu21 − 2
(
k1 − 3
)
pu21 ,
(322)
from which we obtain the following conditions on the Lie
derivatives
r
3g
luρm = ρm
h0
0
2u1
, (323)
(
k1 − 2
) r
3g
lun = n
h0
0
2u1
−
1
2
(
k1 − 3
)
nu1 , (324)
r
3g
lu
(
βT
)
= γT
h0
0
2u1
−
(
k1 − 3
)(
1− bn
)k
B
nT u1 ,
(325)
r
3g
luSµ
µ = −
1
2
Sµ
µu1 . (326)
The similitude between equations (318) and (319) or be-
tween (323) and (324) suggests to fix k1 = 3. In this
case, (319) and (320) simplify respectively to
u1r
3g
#dn = −n
h0
0
2u0
η0 , (327)
u1r
3g
#d
(
βT
)
= −γT
h0
0
2u0
η0 , (328)
and the function (285) reduces to β = cnkBn, so that,
taking into account the definition (287), from (327) and
(328) follows
u1r
3g
cn
#dT = −
1(
1− bn
)T h00
2u0
η0 . (329)
Eqs.(327) and (329) substituted into (292) (with k1 = 3)
allow to simplify the latter. However, it is easier to get
the same result by using the heat part of (315), that is
q
H
= −Tσ
[
u0η0 + h0
0
( 1
2u0
η0 −
1
2u1
η1
)]
+Sµ
µu21
( 1
2u0
η0 +
1
2u1
η1
)
, (330)
which, with the help of (321) and (329) transforms into
q
H
=
u1r
3g
[(
1− bn
)
cnσ
#dT − #dSµ
µ
]
−
1
2
Sµ
µ u1η1
−Tσ
(
u0η0 −
h0
0
2u1
η1
)
. (331)
Furthermore, with k1 = 3, (324) and (325) reduce to
r
3g
lun = n
h0
0
2u1
, (332)
r
3g
lu
(
βT
)
= γT
h0
0
2u1
, (333)
implying
r
3g
cn luT =
1(
1− bn
)T h00
2u1
. (334)
Replacing (326) and (334) in (331), a third version of the
heat flux is obtained
q
H
=
r
3g
(
1− bn
)
cnσ
(
u1
#dT + luTη1
)
−
r
3g
(
u1
#dSµ
µ − luSµ
µη1
)
− Tσ u0η0 .
(335)
A similar treatment allows to get, from (315) with (302),
(318), (323), (327) and (332), three different forms for
each of the remaining pieces of (280), namely
−Jm = −ρm
[
u0η0 + h0
0
( 1
2u0
η0 −
1
2u1
η1
)]
,(336)
=
u1r
3g
#dρm − ρm
(
u0η0 −
h0
0
2u1
η1
)
, (337)
=
r
3g
(
u1
#dρm + luρm η1
)
− ρmu
0η0 , (338)
and
−J = −n
[
u0η0 + h0
0
( 1
2u0
η0 −
1
2u1
η1
)]
, (339)
=
u1r
3g
#dn− n
(
u0η0 −
h0
0
2u1
η1
)
, (340)
=
r
3g
(
u1
#dn+ lun η1
)
− nu0η0 . (341)
Compare (337) with (282) and (340) with (291). Having
the three pieces of (280) basically the same structure, let
us briefly comment the form (341) of the particle number
flow as a representative of the remaining contributions.
Its first term is the gradient of the particle number den-
sity, assimilable to the local concentration of the only
particle species considered, and thus representing the dif-
fusive flux according to Fick’s first law. (Similarly, the
temperature gradient in (335) tells about heat conduc-
tion in view of the Fourier law.) The last term in (341),
being −nu0η0 = n
(
u1η1 + u2η2 + u3η3
)
= nuaηa (where
21
ua are, if not the components of a three-velocity in the
strict sense, at least the spatially directed components
of the four-velocity), is immediately interpretable as ad-
vective flux due to the fluid’s main motion. Diffusion
occurs relatively to this main stream, and the sum of the
advective and the diffusive flows regarded together con-
stitutes the convective flux. In addition to it, our result
(341) predicts the existence of a further contribution to
the total energy flux, proportional to the change in time
of the concentration n as measured by its Lie derivative.
As pointed out above, a similar interpretation holds for
the flux pieces (335) and (338).
E. Van der Waals complete energy-momentum
The constitutive elements of ΣVdWα in (269), with the
general structure (239), are thus the following ones. The
energy density ρ consists of (123) with (156), the pressure
p is given by (157), and the energy flux components are
for instance (297)-(300), whose decomposition into the
three pieces (280), each one with three alternative formu-
lations, we have just shown. It remains to calculate the
viscosity stress tensor, whose shear part (262) is partially
determined by replacing in it the already known expres-
sions for density and pressure. Only the bulk viscosity
is left out of the scheme, requiring to be measured by
independent phenomenological methods. However, some
information about it can be found from (321) and (326),
yielding for the total exterior derivative of Sµ
µ the equa-
tion
r
3g
dSµ
µ + Sµ
µ
(
ϑ1 −
u1
2u0
ϑ0
)
= 0 . (342)
Taking into account (175) and (176), Eq.(342) transforms
into
r
3
d logSµ
µ + dr −
u1
2u0
fg dt = 0 , (343)
or in more compact form, into
d log
(
r3Sµ
µ
)
−
3u1
2u0
fg
r
dt = 0 . (344)
Integrating, we get the formal result
Sµ
µ =
K
S
r3
exp
(
3
2
∫
u1
u0
fg
r
dt
)
. (345)
The quantities ρm, n and T are subject to similar inte-
grable conditions. Actually, from (318) and (323) follows
u1r
3g
dρm = ρm
h0
0
2u0
ϑ0 , (346)
so that
d log ρm =
3h0
0
2u1u0
fg
r
dt , (347)
implying
ρm = Kρ
m
exp
(
3
2
∫
h0
0
u1u0
fg
r
dt
)
. (348)
Analogously, from (327) and (332) we get
n = Kn exp
(
3
2
∫
h0
0
u1u0
fg
r
dt
)
, (349)
and on the other hand (329) and (334) yield
u1r
3g
cndT =
1(
1− bn
)T h00
2u0
ϑ0 , (350)
from which it follows
T = K
T
exp
(
3
2 cn
∫
h0
0(
1− bn
)
u1u0
fg
r
dt
)
. (351)
These results are consistence conditions of the present
approach, relating the auxiliary variables ρm, n and T to
the gravitational functions m and χ contained in f and
g, see (202) and (207). However, their physical meaning
remains unclear.
F. Photon gas energy-momentum
Regarding the energy-momentum Σphα of thermal radi-
ation in (269), being photons massless, (123) reduces to
ρph = uph so that the energy density coincides with the
internal energy density (163), while pressure is given by
(164). Let us assume as a general fact the vanishing of
the energy-momentum tensor trace for arbitrary massless
fields, in particular also for the photon gas(
Σph
)
µ
µ = 0 , (352)
in analogy to (79). Then, from (245) with (163) and
(164) follows (
Sph
)
µ
µ = 0 , (353)
and from (275), with k denoted as k2, we find
3mph
4πr3
= k2pph . (354)
The possibility of a non-zero contribution to the total
gravitational mass due to massless particles derives from
equation (270) establishing the role played by internal
energy at this respect. As a particular case, thermal
photons contribute to the effective gravitationalmass (as
localized energy) as
mph :=
∫ r
0
uph 4πr
2dr . (355)
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Let us point out the following consistence condition. Tak-
ing (164) into account, from (354) follows
mph =
4πk2
9
r3uph , (356)
with radial derivative
∂rmph =
4πk2
9
(
3 r2uph + r
3∂ruph
)
. (357)
Comparing (357) with the derivative of (355), that is
∂rmph := 4πr
2
uph , (358)
we get
∂r log uph = −3
(
1−
3
k2
)
∂r log r , (359)
yielding
uph = Φ(t) r
−3
(
1− 3
k
2
)
. (360)
Comparing with (163), Eq.(360) informs about the ra-
dial dependence of the temperature as a function of the
constant k2.
On the other hand, the vanishing of the mass density
implies that Jphm = 0, and due to (166), we also find
that µphJ ph = 0. Thus, according to (280), the total en-
ergy flow of photons reduces to the heat contribution, for
which we next obtain its three alternative formulations.
From (315) with (163), (164) and (353) follows
qph
H
= −
4
3
αT 4
[
u0η0 + h0
0
( 1
2u0
η0 −
1
2u1
η1
)]
. (361)
On the other hand, (279) with (353) and (354) yields
qph
H
=
u1r
3g
#d
(
k2pph
)
+
(
uph + pph
)[
−u0η0 +
h0
0
2u1
η1
]
+
(
k2 − 3
)
pphu1η1 . (362)
Replacing the internal energy density (163) and the pres-
sure (164) we get
qph
H
=
4u1r
9g
k2αT
3 #dT +
4
3
αT 4
(
−u0η0 +
h0
0
2u1
η1
)
+
(
k2 − 3
)1
3
αT 4u1η1 , (363)
Finally, taking into account (322) (with k2 instead of k1)
as much as (353) and (354), from (362) we find
qph
H
=
r
3g
[
u1
#d
(
k2pph
)
+ lu
(
k2pph
)
η1
]
−
(
uph + pph
)
u0η0 + 2
(
k2 − 3
)
pphu1η1 ,
(364)
giving rise with (163) and (164) to
qph
H
=
4r
9g
k2αT
3
(
u1
#dT + luT η1
)
−
4
3
αT 4 u0η0 +
(
k2 − 3
)2
3
αT 4u1η1 . (365)
On its part, the shear viscous tensor (262) with (163),
(164) and (353) takes the form(
/Sph
)
α
β = −
4
3
αT 4
{
hα
0h0
β+
h0
0
2u1u0
(
hα
1h0
β−hα
0h1
β
)}
,
(366)
completing the set of constitutive elements of the energy-
momentum of thermal radiation.
G. Determining the total energy dissipation rate
Θtot due to irreversible processes
With all the necessary information at hand about the
conserved energy-momentum (269) of a gaseous radiat-
ing sphere (up to the bulk viscosity of the Van der Waals
fluid), it only remains to calculate the quantity Θtot in
order to make explicit the physical content of the ther-
modynamic equations (134) and (139). In the absence of
torsion and spin currents, for a single species of particles
(133) reduces to
Θtotη = −Du
α ∧ Sα
β ηβ − dµ ∧ J
+qα  Luu
α η + µΘNη +Θm η . (367)
The covariant acceleration  Luu
α vanishes in view of
(B14). The term dµ ∧ J as much as those having their
origin in Eqs.(125) and (127) as
lu(ρmη) + d Jm = −Θmη , (368)
lu(nη) + dJ = −ΘNη , (369)
derive from the Van der Waals fluid exclusively, since only
it is massive and, on the other hand, the contribution of
the photon number current is avoided by the vanishing
of the corresponding chemical potential, see (166). Re-
garding the first term in the rhs of (367), using (262) we
get
−Duα ∧ Sα
β ηβ =
= Sµ
µ
{
−Du1 ∧ η1 +
u1
2u0
(
Du0 ∧ η1 −Du1 ∧ η0
)}
+
(
ρ+ p
){
Du0 ∧ η0 −
h0
0
2u1u0
(
Du0 ∧ η1 −Du1 ∧ η0
)}
,
(370)
whose explicit form for Van der Waals and photon gases
is found by replacing in it (301) with (156), (157), (163)
and (164). The whole contribution of thermal radiation
to (367) originates in (371). Recalling (353), we calculate
it to be
Θphtotη =
4
3
αT 4
{
Du0 ∧ η0
−
h0
0
2u1u0
(
Du0 ∧ η1 −Du1 ∧ η0
)}
.
(371)
This result shows that thermal radiation as described
by (163)-(167) may be involved in irreversible processes,
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contrarily to the usual assumption Θphtot = 0 correspond-
ing to a photon gas in equilibrium [44]. The fulfillment
of condition Θtot ≥ 0 by (367) remains an open question.
X. FINAL REMARKS
All elements of (269) have been determined with the
help of the auxiliary quantities (156)-(159) (163)-(167)
ensuring the compatibility between the state equations
and the Gibbs equation (138). We also have identified the
separate pieces of the energy flux (280) and the total en-
ergy (367) dissipated in irreversible processes. Then, the
conservation of energy-momentum derived in the frame-
work of PGT as the Noether identity (13) (simplified to
(220)) ensures the fulfillment of both, the laws of ther-
modynamics –since the energy conservation law (134) to-
gether with the Gibbs equation (138) gives rise to the
second law (139)– and the dynamical Navier-Stokes equa-
tions (241) for momentum conservation. The latter ones
involve qα and Sα
βηβ . The quantity qα regarded as mo-
mentum density can be used in any of its forms found
above, being (297)-(300) the simplest one, without gradi-
ents nor Lie derivatives, while the viscosity contribution
is found from (262) to be
Sα
βηβ = Sµ
µ
{
hα
1 η1 +
u1
2u0
(
hα
1 η0 − hα
0 η1
)}
−
(
ρ+ p
){
hα
0 η0 +
h0
0
2u1u0
(
hα
1 η0 − hα
0 η1
)}
.
(372)
The dynamical equations complete the physical descrip-
tion of a spherical gaseous non-rotating body (constitut-
ing a simple model of a star) composed of a Van der
Waals fluid emitting radiation due to thermal photons
and generating a gravitational field proportional to the
total gravitational mass (270) including contributions of
the internal energy and thus depending on temperature.
Our results are immediately generalizable to other grav-
itational sources.
XI. CONCLUSIONS
Conservation of energy-momentum as the gauge cur-
rent of local spacetime translations falls within the scope
of gauge theories of gravity, in particular PGT. The link
to thermodynamics is shown up by a few supplementary
assumptions concerning the splitting into separate energy
and momentum conservation equations and the introduc-
tion of auxiliary variables such as the internal energy as a
functional of entropy and other quantities. Gravitation,
dynamics and thermodynamics reveal themselves as dif-
ferent aspects of a comprehensive view on macroscopic
matter, as they are subject to a common unifying sym-
metry principle interweaving the parts of the whole. In
the words of Heraclitus of Ephesus (540 to 480 B.C.):
It is wise, listening not to me but to the logos, to agree
that all things are one (D.K. 50). According to him, the
world shall be conceived holistically, as a formally struc-
tured unity spread out in multiplicity, rather than as an
articulated plurality built out of mutually connected but
autonomously existing elements: From all things one and
from one thing all (D.K. 10). Disjointedness of any part
or feature of the world is disregarded. Everything de-
pends on everything inside the unity of the whole: The
wise is one, knowing the plan how all things are steered
through all (D.K. 41) [46]. My proposal is an attempt
to actualize Heraclitus’ old sentences on reality and its
knowledge.
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Appendix A: Eta basis and its foliation
Condition (25) in 4-dimensional spacetime makes it
possible to use tetrads {ϑβ} as the dual coframe of the
local Lorentz frame {eα}. Accordingly, arbitrary p-forms
α can be written as
α =
1
p !
ϑα1 ∧ ... ∧ ϑαp (eαp⌋...eα1⌋α ) , (A1)
showing the universal non-minimal coupling of tetrads
(that is, of nonlinear translational conections) to any
physical quantity represented as a differential form. The
Hodge dual of (A1), namely
∗α =
1
p !
ηα1...αp (eαp⌋...eα1⌋α ) , (A2)
is expressed in terms of the eta basis defined as the Hodge
dual of products of tetrads as follows
η := ∗1 =
1
4!
ηαβγδ ϑ
α ∧ ϑβ ∧ ϑγ ∧ ϑδ , (A3)
ηα := ∗ϑα =
1
3!
ηαβγδ ϑ
β ∧ ϑγ ∧ ϑδ , (A4)
ηαβ := ∗(ϑα ∧ ϑβ ) =
1
2!
ηαβγδ ϑ
γ ∧ ϑδ , (A5)
ηαβγ := ∗(ϑα ∧ ϑβ ∧ ϑγ ) = ηαβγδ ϑ
δ , (A6)
where
ηαβγδ := ∗(ϑα ∧ ϑβ ∧ ϑγ ∧ ϑδ ) (A7)
is the Levi-Civita antisymmetric object, and (A3) the
four-dimensional volume element. Foliation of p-forms
(A1) is given by (20). Provided the local constant
Minkowski metric with signature oαβ = diag(− + ++)
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is chosen to raise and lower indices, then, on the one
hand
∗∗α =
(
−1
)p
α , (A8)
and on the other hand, foliation of the Hodge dual forms
(A2) reads
∗α = (−1)p dτ ∧ #α− #α⊥ , (A9)
being # the Hodge dual operator defined on the three-
dimensional spatial sheets, affecting the pieces of (20).
Regarding the eta basis, its foliated form can be found
by using (26) to calculate the products
ϑα ∧ ϑβ = dτ
(
uα ϑβ − uβ ϑα
)
+ ϑα ∧ ϑβ , (A10)
etc. in the rhs of (A3)–(A7). In this way one gets
η = dτ ∧ η , (A11)
ηα = −dτ ∧ ηα − uα η , (A12)
ηαβ = dτ ∧ ηαβ −
(
uα ηβ − uβ ηα
)
, (A13)
ηαβγ = −dτ ǫαβγ −
(
uα ηβγ + uγ ηαβ + uβ ηγα
)
,
(A14)
ηαβγδ = −
(
uα ǫβγδ − uδ ǫαβγ + uγ ǫδαβ − uβ ǫγδα
)
,
(A15)
with definitions
η :=
(
u⌋η
)
=
1
3!
ǫαβγ ϑ
α ∧ ϑβ ∧ ϑγ = #1 , (A16)
ηα := −
(
u⌋ηα
)
=
1
2!
ǫαβγ ϑ
β ∧ ϑγ = #ϑα , (A17)
ηαβ :=
(
u⌋ηαβ
)
= ǫαβγ ϑ
γ = #(ϑα ∧ ϑβ ) , (A18)
ǫαβγ := −
(
u⌋ηαβγ
)
= uµ η
µαβγ = #(ϑα ∧ ϑβ ∧ ϑγ ) .
(A19)
The spatial 3-form (A16) is the three-dimensional vol-
ume element. From (A12) follows that η = uα ηα. The
contractions between tetrads and eta basis in four dimen-
sions (see for instance [10]), when foliated reduce to
ϑµ ∧ ηα = h
µ
α η , (A20)
ϑµ ∧ ηαβ = −h
µ
α ηβ + h
µ
β ηα , (A21)
ϑµ ǫαβγ = h
µ
α ηβγ + h
µ
γ ηαβ + h
µ
β ηγα , (A22)
0 = −hµα ǫβγδ + h
µ
δ ǫαβγ − h
µ
γ ǫδαβ + h
µ
β ǫγδα .
(A23)
Taking (32) into account, we also find
eα⌋η = ηα , (A24)
eα⌋ηβ = ηβα , (A25)
eα⌋ηβγ = ǫβγα . (A26)
In view of definition (A19), the contraction of all objects
(A17)-(A19) with uα vanishes. From (A17) then follows
that 0 = uα η
α = #(uα ϑ
α) , thus implying uα ϑ
α = 0 .
Finally, comparing the variations of (A1) with those of
(A2), one gets the relation
δ ∗α = ∗δα− ∗ (δϑα ∧ eα⌋α ) + δϑ
α ∧ (eα⌋
∗α ) , (A27)
showing that the variation of forms affected by the Hodge
star operator involve variation of the tetrads. This
fact reveals to be relevant for calculating the energy-
momentum (9) from Lagrangian densities such as (69),
(93) etc. depending on physical fields coupled non mini-
mally to (nonlinear) translative connections.
Appendix B: Other formulas used in the main text
Definition (23) of Lie derivatives can be generalized by
replacing ordinary exterior differentials by covariant ones
[10]. For instance, the covariant Lie derivative of tetrads
is defined as
 Luϑ
α := D (u⌋ϑα) + u⌋Dϑα
= Duα + Tα⊥ , (B1)
where Tα⊥ is the longitudinal part of the torsion (2) when
foliated as
Tα = dτ ∧ Tα⊥ + T
α . (B2)
For covariant derivatives of tensor-valued p-forms, say
Dαµ, Eq.(24) generalizes to
Dαµ = dτ ∧
(
 Luα
µ −Dαµ⊥
)
+Dαµ . (B3)
Foliation of (B1) yields
 Luϑ
α = dτ  Luu
α +  Luϑ
α , (B4)
where
 Luu
α := u⌋Duα , (B5)
 Luϑ
α := Duα + Tα⊥ , (B6)
being (B5) the covariant acceleration. Let us find an
expression of the Lie derivative of the volume element
(A16) useful for calculations. The covariant derivative of
(A4) is
Dηα = ηαβ ∧ T
β . (B7)
The lhs of (B7) found from (A12) with (B3) reads
Dηα = −dτ ∧
[
 Lu
(
uαη
)
−Dηα
]
, (B8)
while the rhs can be expanded with the help of (A13)
and (B2), so that (B8) transforms into
 Lu
(
uαη
)
−Dηα = uαT
β
⊥ ∧ ηβ − uβT
β
⊥ ∧ ηα − ηαβ ∧ T
β .
(B9)
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By contracting (B9) with uα, and taking (B6) into ac-
count, we get the Lie derivative of the spatial volume
luη =  Luϑ
α ∧ ηα . (B10)
A similar treatment of Dηαβ = ηαβγ ∧ T γ , with the help
of (A13), (A12) and (B2), yields
hα
β  Luηβ = −ηαβ ∧  Luϑ
β , (B11)
hα
βDηβ = ηαβ ∧ T
β . (B12)
Reformulating (B12) as
Dηα = uαluη − uαT
β
⊥ ∧ ηβ + ηαβ ∧ T
β , (B13)
and substituting (B13) into (B9) regarding (A24), it fol-
lows
 Luuα +
(
eα⌋T
µ
⊥
)
uµ = 0 , (B14)
consistently with the fact that, being uβϑ
β = 0 as read
out from (39), necessarily
0 = eα⌋lu
(
uβϑ
β
)
=  Luuα +
(
eα⌋T
β
⊥
)
uβ . (B15)
That is, covariant acceleration with respect to the lo-
cal (comoving) Lorentz frame considered here only differs
from zero if torsion exists.
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